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UNIT

SQUARES, SQUARE
ROOTS, CUBES AND
CUBE ROOTS

Unit outcomes

After completing this unit, you should be able to:

> understand the notion square and square roots and cubes
and cube roots.

» determine the square roots of the perfect square
numbers.

> extract the approximate square roots of numbers by
using the numerical table.

» determine cubes of numbers.

> extract the cube roots of perfect cubes.

Introduction

What you had learnt in the previous grade about multiplication will be used in
this unit to describe special products known as squares and cubes of a given
numbers. You will also learn what is meant by square roots and cube roots and
how to compute them. What you will learn in this unit are basic and very

important concepts in mathematics. So get ready and be attentive!
e ————— 1
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1.1 The Square of a Number

1.1.1 Square of a Rational Number

Addition and subtraction are operations of the first kind while multiplication and
division are operation of the second kind. Operations of the third kind are
raising to a power and extracting roots. In this unit, you will learn about
raising a given number to the power of “2” and power of “3” and extracting
square roots and cube roots of some perfect squares and cubes.

Group Work 1.1
Discuss with your friends
1. Complete this Table 1.1. Number of small squares

Standard Factor Power
1 Form Form Form
a) 1
1 1x1 12
b) 2
2
4 2x2 22
) 3
3
d) a
4
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e)

5
Figure 1.1

2. Put three different numbers in the circles so that when you add the numbers at
the end of each - line you always get a square number.

Figure 1.2
3. Put four different numbers in the circles so that when you add the numbers at
the end of each line you always get a square number.

Figure 1.3

For example some few square numbers are:
a) 1x1=1isthe1%square number. c)3x 3 =9 is the 3 square number.
b) 2x 2 =4 is the 2" square number.  d) 4x4 = 16 is the 4™ square number.

a) b) c) d)

Figure 1.4 A square number can be shown as a pattern of squares

e R e S 3
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If the number to be multiplied by itself is ‘a’, then the product (or the result
a x ) is usually written as a? and is read as:

v asquared or

v’ the square of a or

v’ ato the power of 2
In geometry, for example you have studied that the area of a square of side
length ‘a’ is a x a or briefly a2.

When the same number is used as a factor for several times, you can use an
exponent to show how many times this numbers is taken as a factor or base.

1 Exponent
49 - 72__ Ba:e
Standard ‘
numeral form l
- Power form
Note: 72is read as
v 7 squared or
v’ the square of 7 or
v’ T to the power of 2
[T ERE Find the square of each of the following.
a)8 b) 10 c) 14 d) 19

Solution
Q) 8°=8x8=64
b) 10%=10 x 10 = 100
¢) 14°=14x14=196
d) 19°=19x 19 =361

IECTAIEY Y 1dentify the base, exponent, power form and standard form of
the following expression.
a) 10° b) 182

4 e —————
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| Solution _ [ ————exponent
100 10 ____base

a) I
Standard
[_ Power form

numeral form

b) ~——+—exponent
324 = | base
Standard

numeral form Power form

Note: There is a difference between a2 and 2a. To see this distinction
consider the following examples of comparison.

IECTNEEE a) 30% = 30 x 30 = 900 while 2 x 30 = 60

b) 40° = 40 x 40 = 1600 while 2 x 40 = 80

¢) 52 =52 x 52 = 2704 while 2 x 52 = 104
Hence from the above example; you can generalize that a> = a x a and
2a =a + a, are quite different expressions.

C LRl 1=124=2%9=3% 16=4%25=5%.Thus1, 4,9, 16 and 25
are perfect squares.

Note: A perfect square is a number that is a product of a rational
number times itself and its square root is a rational number.

IECEEY I Table 1.2 below some natural numbers are given as values
of x. Find x* and complete table 1.2.

X |1/2[3]4 /5|10 15/20|25 |35

X2
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Whenx=1,x*=12=1x1=1
Whenx=2,x2=2?=2x2=4
Whenx=3,x*=3=3x3=9
Whenx =4, x*=4*=4x4=16
When x =5,x*=5*=5x5=25
When x = 10, x* = 10 = 10 x 10 = 100
When x = 15, x> = 152 = 15 x 15 = 225
When x = 20, x* = 20%= 20 x 20 = 400
When x = 25, x* = 25% = 25 x 25 = 625
When x = 35, x* = 35 = 35 x 35 = 1225

213 |4 |5 |10 (15 |20 |25 |35

4 19 |16 | 25| 100 | 225|400 | 625 | 1225

You have so far been able to recognize the squares of natural numbers, you also

know that multiplication is closed in the set of rational numbers. Hence it is
possible to multiply any rational number by itself.

Example 6:

Find x? in each of the following where x is rational number

given as:
4 1
a) x=3 b) x =3 C)x=x d) x =0.26
a)xz—(i)z—fxf— 4x4 16
“\3) T 3737 3x3”
2
1 11 1x1_ 1
b) ¥=(3) =5%3=35=5
2
3 3 3 3x3
) X=(3) =3xi=55=%
2
2 = 2_ (2_6) _ 26 26 _ 26X26 _ 676
d X (0.26)"= 100/ " 100 7 100 100 x100 10,000
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Note:

I. The squares of natural numbers are also natural numbers.

il. 0x0=0 therefore02=0

iii. We give no meaning to the symbol 0°

iv. fae Qanda=0,thenat=1

v. For any rational number ‘a’, a x a is denoted by a2 and read as
“a squared” or “a to the power of 2” or “the square of a”.

Exercise 1A

1.

Determine whether each of the following statements is true or false.

a) 15%=15x15 d) 81% = 2x 81 g) x?= 2"
b) 20%=20 x 20 e) 41 x 41 = 412 h) x* = 2%
c) 19°=19x19 f) - (50)* = 2500 i) (-60) 2 = 3600
Complete the following.
a) 12 x = 144 d)(3a)°=__ x_
b) 51 x = 2601 e)8a= __  +
c) 60%= x f) 28 x 28 =
Find the square of each of the following.
a) 8 b) 12 c) 19 d) 51 e) 63 f) 100
Find x? in each of the following.
-50
a) X=6 C)X:'O.3 e) X:T g)X:007
1
b)x:E d) x= -20 f) x =56

a. write down a table of square numbers from the first to the tenth.
b. Find two square numbers which add to give a square number.
Explain whether:

a. 441 is a square number. c. 1007 is a square number.
b. 2001 is a square number.

e ——— 7
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Challenge Problems

7. Find
a) The 8" square number. c) The first 12 square numbers.
b) The 12" square number.

8. From the list given below indicate all numbers that are perfect squares.
a) 50 20 64 30 1 80 8 49 9
b) 10 21 57 4 60 125 7 27 48 16 25 90
c) 137 150 75 110 50 625 64 81 144
d) 90 180 216 100 81 75 140 169 125

9. Show that the difference between any two consecutive square numbers is

an odd number.

10. Show that the difference between the 7" square number and the 4™ square
number is a multiple of 3.

Theoremi1.1: Existence theorem
For each rational number x, there is a rational

number y (y > 0) such that x*> = y.

TR 2 By the existence theorem, if

a) x=9,theny=92=81 c) x =-17, then y = (-17)* = 289

2
b) x=05,theny=(05>=0.25 d) x= % theny = (%) = %

Rough calculation could be carried out for approximating and checking the
results in squaring rational numbers. Such an approximation depends on
rounding off decimal numbers as it will be seen from the following examples.

Find the approximate values of x®in each of the following:
a) x=34
b) x=9.7
¢) x=0.026

8 e ————e
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a) 3.4~3thus(3.4)°~3*=9
b) 9.7 ~ 10 thus (9.7)* ~ 10° = 100

3

2
c) 0.026 ~0.03 thus (0.026) ~ (—) = 0.0009

100

Exercise 1B
1. Determine whether each of the following statements is true or false.

a) (4.2)is between 16 and 25 d) (9.9)* = 100

b) 0°=2 e) (-13)* =-169

c) 11°> (11.012)%* > 122 f) 81 x 27 = 9 x 9x3
2. Find the approximate values of x? in each of the following.

a) x=32 c)x=-12.1 e) x = 0.086

b) x=9.8 d) x =2.95 f) x=8.80

3. Find the square of the following numbers and check your answers by
rough calculation.
a) 0.87 c) 12.12 e) 25.14 g) 38.9
b) 16.45 d) 42. 05 f) 28. 23 h) 54. 88

1.1.2 Use of Table of Values of Squares
Activity 1.1

Discuss with your friends / partners/
Use table of square to find x2 in each of the following.

a)x=1.08 b) x =2.26 c)x=9.99

d) x = 1.56 e)x=5.48 f)x=7.56

v To find the square of a rational number when it is written in the form of
a decimal is tedious and time consuming work. To avoid this tedious
and time consuming work a table of squares is prepared and presented
in the “Numerical tables” at the end of this book.

v In this table the first column headed by x lists numbers starting from
1.0. The remaining columns are headed respectively by the digits 0 to 9.

e —————e 9
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Now if you want to determine the square of a number for example 2.54 proceed
as follows.

Step i. Under the column headed by x, find the row with 2.5.
Step ii. Move to the right along the row until you get the column under 4, (or
find the column headed by 4).
Step iii. Then read the number at the intersection of the row in (i) and the column
(1i), (see the illustration below).
Hence (2.54)% = 6.452

X [o]1[2[3] 4 [5][6] 7] 8] 9
10

2.0
2'5 6.452
30

2i0

5.0

6:0

T

7,0

8.0

9.0

Figure 1.5 Tables of squares

Note that the steps (i) to (iii) are often shortened by saying “2.5 under 4”.
v" Mostly the values obtained from the table of squares are only
approximate values which of course serves almost for all practical
purposes.

Group work 1.2
Discuss with your group.

Find the square of the number 8.95
a) use rough calculation method.
b) use the numerical table.

10 e ————
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c) by calculating the exact value of the number.
d) compare your answer from “a” to “c”.
e) write your generalization.

Find the square of the number 4.95.
M4 Do rough calculation and compare your answer with the value
obtained from the table.
i. Rough calculation

4.95 ~5and 5° = 25
(4. 95)% ~ 25
ii. Value obtained from the table
1) Find the row which starts with 4.9.
i) Find the column headed by 5.
iii) Read the number, that is (4. 95)* at the intersection of the row in (i) and
the column in (iii); (4. 95) = 24. 50.
iii. Exact Value
Multiply 4.95 by 4.95
4.95 x 4.95 =24. 5025
Therefore (4.95)? = 24. 5025.
This example shows that the result obtained from the “Numerical table” is
an approximation and more closer to the exact value.

Exercise 1C
1. Determine whether each of the following statements is true or false.

a) (2.3)*=5.429 ¢) (3.56)*=30.91 e) (5.67)* =32
b) (9.1) = 973. 2 d) (9.90)*= 98.01 f) (4. 36)* = 16.2
2. Find the squares of the following numbers from the table.
a) 4.85 c) 88.2 e) 2. 60 g) 498 1) 165
3
b) 6.46 d)29.0 f) 5 h) 246

e ——— 11
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1.2 The Square Root of a Rational Number
Group Work 1.3

Discuss with your Friends

Find the square root of each of the following numbers.

4 - 25

49 625

v’ So far you have studied the meaning of x*> when x is a rational number. It
is now logical to ask, whether you can go in the reverse (or in the
opposite direction) or not. In this sub unit you will answer this and related

questions in a more systematized manner.

281  b) 324 c)% d) i—;‘ e)

Example 10:

a) 4 is the square root of 16, since 4° = 16.
b) 5 is the square root of 25, since 5 = 25.
c) 6 is the square root of 36, since 6° = 36.

FCTLIERER The area of a square is 49m?. What is the length of each side?

/xw=A B S L
s xs=49 m?
SZ =49 m2 . - A =49m?2 o
S S
s=7m
=1 I
S
Figure 1.6

The length of each side is 7 meters. This is one way to express the mathematical
relationship “7 is the square root of 49” because 7 = 49.
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Note:

Vi.

Vi,

The notion “square root” is the inverse of the notion “square of
a number”.
The operation “extracting square root” is the inverse of the operation

“squaring”.

iii. In extracting square roots of rational numbers, first decompose the

number into a product consisting of two equal factors and take one of
the equal factors as the square root of the given number.

The symbol or notation for square root is “v " it s called radical sign.
For b > 0, the expression Vb is called radical b and the number b is

called a radicand.
The relation of squaring and square root can be expressed as follows:

—— Squaring > a’=Db,forb>0

d<— | Squareroot | g’

ais the square root of b and written as a = v/b.

TR FE Find the square root of x, if x is:

a) 100 b)125 ¢)169 d) 256 e)625 f) 1600

Mg a) x=100=10x 10

x = 10 ?, thus the square root of 100 is 10.

b) x = 225 =15 x 15
x = 152, thus the square root of 225 is 15.

c) x=169=13x13
x = 132, thus the square root of 169 is 13.

d) x=256=16x 16
x = 162, thus the square root of 256 is 16.

e) Xx=625=25x25
x = 252, thus the square root of 625 is 25.

f) x = 1600 = 40 x 40
x = 407, thus the square root of 1600 is 40.

13
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Exercise 1D
1. Determine whether each of the following statements is true or false.

900 30
a) Jo=0 d)-+v121 =-11 9) —‘fﬁ—'a
/ 36 1
b) V25 = £5 ) 324 3
\/I _. ! n [324_18
c) V4 2 625 25
2. Find the square root of each of the following numbers.
a) 121 c) 289 e) 400 g) 484
b) 144 d) 361 f) 441 h) 529
3. Evaluate each of the following.
1
a) o5 d)-+/576 9) 4729
1 \/529
— €)—— h) — /784
" \/; V625 :

36 . |16
c) ‘/% f) - /676 ')\/%

Challenge Problems

2
X X
2

4 1f —=-2. Find
y

y2
T3
y X

5. Simplify: y(81)2 ++/(49)2

6. Ifx=16and y = 625. Find (2yx+y [
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EERTSER Find
) ool ¢) Josl ) .J0.7921 9) 4/48.8601
b) /o5 d) /06889 f)  Jo.9025

a) 0.01=401x01=01 €) 0.7921=4/0.89x0.89 =0.89
b) 4025 =4/05%x05=05 f)  10.9025 =4/0.95x0.95 =0.95
C) /0.81=4/0.9x0.9=0.9 0) ./48.8601 = /6.99x6.99 = 6.99

d)  ,/0.6889 =+/0.83x0.83 = 0.83

Exercise 1E
Simplify the square roots.

a) +/35.88 C) +/89.87 e) /62.25
b) +/36.46 d) v/99.80 f) 497.81

1.2.1 Square Roots of Perfect Squares
Group work 1.4

Discuss with your group.

1. Find the prime factorization of the following numbers by using the
factor trees.
a) 64 c) 121 e) 324 g) 625 i) 700
b) 81 d) 289 f) 400 h) 676

Note: The following properties of squares are important:

a)® a2
(ab)2=a2x b2 and (Ej = b—z(where b =0).
Thus (2x3)2= 22x 32=36 and (ijz = i = i-
4 4% 16
Remember a number is called a perfect square, if it is the square of a
rational number.

The following properties are useful to simplify square roots of numbers.
Properties of Square roots, fora >0, b > 0.
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If\/g and\/B representrationalnumbers, then

\/Ez\/g\/b_and\/gz% where b = 0.

D CINTIEARE Determine whether each of the following numbers is a perfect
square or not.

1
a) 36 c) 81 e)6765 0)11
4
b) 49 d) 2—2 f) 7

MY 2) 36 is a perfect square, because 36 = 6.

b) 49 is a perfect square, because 49 = 7.
c) 81 is a perfect square, because 81 = 9.

2
d) 49 is a perfect square, becaus 49 _ (!
25 25

16 . 16 (4
e) ——is a perfect square, because— = | —
625 625 \ 25

f) 7 is not a perfect square since there is no rational number whose
square is equal to 7. In other words there is no rational number n
such thatn® = 7.

g) 11 is not a perfect square since there is no rational number

whose square is equal to 11. In short there is no rational number
n such that n = 11.

BT Use prime factorization and find the square root of each of the
following numbers.

a)/324 b) /400 C) /484
m a)324=2x2x3x3x3x3

Now arrange the factors so that 324 is a product of two identical
sets of prime factors.
16
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i.e 324 = (2 x 2 x 3x3 x 3x3) 324
= 2x3x3)x(2x3x3) AN
=18 x 18 = 18 @ 167

So, /324 =+/18x18 =18 Gﬁgl
op

b) 400=(2x2x5)x(2x2xD5)
Now arrange the factors so that 400 is a g@
product of two identical sets of prime 6\
factors. 20

i.e 400 = (2x 2 x 5)x(2 x 2x5) é\loo

=20x 20
® »

=20°

S0 400 =/20x 20 G)A
=20 25
€)484 = 2x2x 11x11, now arrange the 484
factors so that 484 is a product of two Q{\

identical sets of prime factors.
i.e 484 =2x2 x 11x11
=(2x11)x (2x11) 121
=22 x 22 = 22°
So /484 =/22x 22 G °

=22
Exercise 1F
1. Determine whether each of the following statements is true or false.

a) V64x25 =\/ax\/E d) LZO

1296
64 1296
24 e) ,[— =1

b) 1 ) 0
32 432 p o729 21

9 Ves  Jea 1444 ~ 38

17
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2. Evaluate each of the following.

1296 81
a) +0.25 C) 1024 e) 304
625 144
b) +0.0625 d) 1024 f) 200

Challenge Problem
3. Simplify a) v/625-0-+/172-3

b) +/81x 625

2
9 (&

4. Does every number have two square roots? Explain.
5. Which of the following are perfect squares?
{0,1,4,7,12, 16, 25, 30, 36, 42, 49}
6. Which of the following are perfect squares?
{50, 64, 72, 81, 95, 100, 121, 140, 144, 169}
7. Copy and complete.
a) 3% + 4%+ 122 = 13? c) 6%+ 7%+ =
b)5*+62+ = d)x®+(x+1)P%+ =

Using the square root table
The same table which you can use to determine squares of numbers can be used
to find the approximate square roots, of numbers.

SCTIEREE Find +/17.89  from the numerical table.

Step i. Find the number 17.89 in the body of the table for the function
2
y=Xx".

18 e ————
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Step ii. On the row containing this number move to the left and read
4.2 under x.
These are the first two digits of the square root of 17. 89

Step iii. To get the third digit start from 17.89 move vertically up ward

and read 3.

Therefore +/17.89 =~4.23
X|lo]1]2 3 4 56| 7 8 9
1.0 |
2.0
: 7nd
30
4.0
412 3L 17.89
5.0
6.0
70
8.0
9.9

Figure 1.7 Table of square roots

If the radicand is not found in the body of the table, you can consider the number
which is closer to it.

3C1Y I ERMPA Find 4/10.59

W i) It is not possible to find the number 10. 59 directly in the table of
squares. But in this case find two numbers in the table which are
closer to it, one from left (i.e. 10.56) and one form right (10.63)
that means 10.56 < 10. 59 < 10.63.
il) Find the nearest number to (10.59) form those two numbers. So

the nearest number is10.56 thus \/10. 59 = \/10.56 = 3.25.
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[ 5CTY T ERE:E Find /83.60

W I. 1t is not possible to find the number 83. 60 directly in the table of
squares. But find two numbers which are closer to it, one from
left (i.e. 83.54) and one from right (i.e 83.72) that means
83.54 < 83. 60 <83.72.

ij Find the nearest number from these two numbers. Therefore the

nearest number is 83. 54, so \/83.60 ~/83.54 =9.14.

Note: To find the square root of a number greater than 100 you can use
the method illustrated by the following example.

D CINTIEMEA Find the square root of each of the following.

a) /6496 b) /9801 ¢) /9880 d) /9506

Solution:

a) v/6496 =+/64.96x100 c) /9880 =+/98.80x100
=+/64.96 x /100 =4/98.80 x /100
=8.06x10 =9.94x10
=80.6 =994

b) v/9801 = 4/98.01x 100 d) v/9506 = 4/95.06 x100

_ 4/98.01 x+/100 — v/95.06 x+/100
=9.90x10 =9.75x10
=99 =975
D CINTAEWAR Find the square root of each of the following numbers by using
the table
a) v98.41 c) ¥984100 e) v/0.009841
b) /9841 d) v0.9841 f) 4/0.00009841
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Solution;|
a) +98.41=9.92 ) +/0.009841 = [98.41x——
10,000
b) /9841 =+/98.41x100 1
=98.41x |———
_ /98 41x+/100 “110,000
=9.92 x 10 1
=909.2 =9.92x 100
= 0.0992
C) /984100 =+98.41x10000 ) 000009841 = /6B AL x| m
=+/98.41 x 4/10000 L
- 39922 x100 = 99241 000
= 0.00992
d) 09841 = [98.41x——
100
1
=4/98.41x |—
Y100
1
=9.92x 1o
=0.992

Exercise 1G
1. Find the square root of each of the following numbers from the table.

a) 15.37 d) 153.1 g) 997 j) 5494
b) 40.70 e) 162.8 h) 6034 K) 5295
c) 121.3 f) 163.7 i) 6076 1) 3874
2. Use the table of squares to find approximate value of each of the
following.
a) 4/6.553 c) v/24.56
b) 4/8.761 d) +/29.78
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1.3 Cubes and Cube Roots

1.3.1 Cube of a Number

If the number to be cubed is ‘a’, then the product a x a x a which is usually
written as a° and is read as ‘a’ cubed. For example 3 cubed gives 27 because
3x3x3=27.

The product 3x3x3 can be written as 3* and which is read as 3 cubed.

Activity 1.2

Discuss with your friends
1. Copy and complete this Table 1.3

Number of small cubes

Standard Factor form Power form
form
a)
NE :
1 1x1x1 1
b) ,
8 2 x x 2
c) []
27 % % D
Figure 1.8

2. a) Which of these numbers are cubic numbers?

64 100 125 216 500 1000
1728 3150 4096 8000 8820 15625
b) Write the cubic numbers from part (a) in power form.

3. Find a®in each of the following.
a)a=2 c)a=10 e)a=0.5
bya=-2 dya=7 f)a=0.25
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For example, some few cube numbers are:
a) 1x1x1=1isthe 1" cube number. @ @
b) 2x2x2=8isthe 2" cube number.
c) 3x3x3=27is the 3™ cube number.

a) b) C)

Figure 1.9 A cube number can be
shown as a pattern of cubes

IECTIERAE Find the numbers whose cube are the following.
a) 4913 b) 6,859 ¢) 9,261 d) 29,791

Q) 4913=17x17x17=17° c) 9,261 = 21 x 21 x 21 =213
b) 6,859 =19 x 19 x 19 =19° d) 29,791 =31 x 31 x 31 =31°

[FCTLIER YA (dentify the base, exponent, power form and standard numeral
form:
a) 40° b) 43°

Exponent

641000 403: base

Solution: [ YRR

numeral form

Power form

Exponent

79,507 433— base
Standard
numeral form I— Power form

TP ED In Tablel.4 below integers are as values of x, find x® and
complete the table 1.4.

x |4 (-3 |2 -1 |01 2|3 (4|56
X3

b)
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Solution:
When x = -4, x° = (4) = -4 x -4 x -4 = -64
When x = -3, X° = (3)—-3>< -3x-3=-27
Whenx =-2,x®=(-2)=-2x-2x-2=-8
Whenx=-1,x*=(-1)°=-1x-1x-1=-1

Whenx=0,x>=0°=0x0x0=0

3 _
3 _
Whenx=2,x3=22=2x2x2=8
Whenx=3,x*=3*=3x3x3=27
Whenx=4,x*=4*=4x4x4=64
When x = 5X3—53—5><5><5 125
Whenx=6,x>=6>=6 x 6 x 6 = 216

Lastly you have:

X 4 /-3 |2 |-1 |0 |1 |2 |3 4 5 6

x2 |64 |-27 |8 |-1 |0 1 8 27 |64 |125 | 216

The examples above illustrate the following theorem. This theorem is called
existence theorem.

Theorem 1.2: Existence theorem
For each rational number x, there is a rational

number y such that y = x°.

Rough calculations could be used for approximating and checking the results in
cubing rational numbers. The following examples illustrate the situation.

e LWLE Find the approximate values of x® in each of the following.
a) x=2.2 b) x = 0.065 c)x=9.54

a. 22~2thus (2.2°~2°=8
3
b. 0.065 ~0.07 thus (0.065)° ~ (L) = —2_
= 0000343

c. 9.54 ~ 10 thus (9.54)° ~ 10®= 1,000
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Exercise 1H
1. Determine whether each of the following statements is true or false.

32 3)°= 4 64
a) £=16x4 ¢ (-3°= 27 &) [3] o
3
b) 4% =64 d) (EJ _2 f) y6—4:4
4) 16
2. Find x? in each of the following.
-1
a) x=8 c)x=-4 e)x:E
1
b) x=04 d)x:-z f)x=-0.2
3. Find the approximate values of x® in each of the following.
a) x=-249 c)x=2.98
b) x=2.29 d) x =0.025
Challenge Problem
4. The dimensions of a cuboid are : ; 10xcm
4xcm, 6xcm and 10xcm. Find
a) The total surface area : 4xcem
b) The volume 6xcm

Figure 1.10 Cuboid
Table of Cubes

Activity 1.3
Discuss with your friends
Use the table of cubes to find the cubes of each of the following.

a) 2.26 c) 5.99 e) 8.86 g) 9.58 i) 9.99
b) 5.12 d) 8.48 f) 9.48 h) 9.89 i) 9.10

To find the cubes of a rational number when it is written in the form of a decimal
is tedious and time consuming work. To avoid this tedious and time consuming
work, a table of cubes is prepared and presented in the “Numerical Tables” at
the end of this textbook.
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In this table the first column headed by ‘x’ lists numbers starting from 1.0. The

remaining columns are headed respectively by the digit 0 to 9.0. Now if we want

to determine the cube of a number, for example 1.95 Proceed as follows.

Step i. Find the row which starts with 1.9 (or under the column headed by Xx).

Step ii. Move to the right until you get the number under column 5 (or find the

column headed by 5).

Step iii. Then read the number at the intersection of the row in step (i) and the
column step (i) therefore we find that (1.95)° = 7.415. See the illus-
tration below.

X o[1]27]3 4 5 6 | 7 8 9
1.0 Y
1.9 7.415

3.0

4.0

5.0

6.0

7.0

8.0

9.0

Figure 1.11 Tables of cubes

Note that the steps (i) to (iii) are often shortened saying “1.9 under 5”

Mostly the values obtained from the table of cubes are only a approximate values
which of course serves almost for all practical purposes.

Group work 1.5

Find the cube of the number 7.89.

a) userough calculation method.
b) use the numerical table.

c) by calculating the exact value of the number.
d) compare your answer from “a” to “c”.
e) write your generalization.
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TIPS Find the cube of the number 6.95.

Do rough calculation and compare your answer with the value obtained
from the table.

i. Rough Calculation
6.95~ 7 and 7° =343

(6.95)° ~343
ii. Value Obtained from the Table

Step i. Find the row which starts with 6.9
Step ii. Find the column head by 5
Step iii. Read the number, that is the intersection of the row in (i) and the
column (ii), therefore ( 6. 95)° = 335.75
iii. Exact Value
Multiply 6.95 x6.95x6.95 = 335.702375
s0 (6.95)%= 335. 702375
This examples shows that the result obtained from the numerical tables is an
approximation and more closer to the exact value.

Exercise 11

1. Use the table of cubes to find the cube of each of the following.
a) 3.55 c) 6.58 e) 7.02 g) 9.86 i) 9.90 k) 9.97
b) 4.86 d) 6.95 f) 8.86 h) 9.88 j)9.94 1) 9.99

1.3.2 Cube Root of a Number
Group work 1.6

Discuss with your group.
1. In Figure 1.12 to the right, the volume
of a cube is 64 m®. What is the length ;
of each edge? : V = 64m°
2. Can you define a “cube root” of :
anumber precisely by your own word?
3. Find the cube root of 12,167 x 42,875.

B/|(— n —>|

A(S

€ S >\

Figure 1.12 Cube
e 27
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Example 26:

a) 0x 0x0 =0, so 0 is the cube root of 0.
b) 5x5x5 = 125, so 5 is the cube root of 125.

1><1><1 = i,so 1is the cube root ofi.
)5 5 5 125" 5 12
Note: i) 43 = 64, 64 is the cube of 4 and 4 is the cube root of 64

ie /64 =4.
i) V' is aradical sign.
Index

|

Or symbolically: 3/x«—— Radicand

T— Radical sign

iii) The relation of cubing and extracting cube root can be
expressed as follows:

a— Cubing —> a’=b

a<— Cuberoot [—a’=b

iv) a is the cube root of b and written as a = Vb.

When no index is written, the radical sign indicates a square root.
Forexample3/512 is read as "the cube root of 512"

The number 3 is called the index and 512 is called the radicand.
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Cube Roots of Perfect Cubes
Group work 1.7

Discuss with your group
1. Find the cube root of the perfect cubes.

1
a) 327 b) ,3/5 c) Y125 d) ¥-64
2. Which of the following are perfect cubes?
{42,60,64,90,111,125,133,150,216}
3. Which of the following are perfect cubes?
{3,6,8,9,12,27,y3, y8, y*, y12, y27}

Note: The following properties of cubes are important: (ab)? = adxb3
3 3
a a
and [Ej =7 (where b = 0).
3)3 3 27

3 = 23y 93= = — | ===
Thus (2 x 2) 23x 23=8x8=64and (4 2 64

A number is called a perfect cube, if it is the cube of a rational number.

Definition 1.7: A rational number x is called a perfect cube if and only if x = n?
forsomen € Q.

1=1°8=2%27=3%64=4%and 125="5°,
Thus 1, 8, 27, 64 and 125 are perfect cubes.

Note: A perfect cube is a number that is a product of three identical factors of
a rational number and its cube root is also a rational number.

FEINEWEE Find the cube root of each of the following.

1
a) 216 b) 5 c) -64 d) -27
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2) 3216 =3/6x6x6 =6 c) ¥-64 =%/-4x—-4x—4=-4
1 J1 11 1
3— =3[—x—x— — 3— :3— —_ —_ = -
b) g ,/zxzxzzz d) ¥-27=3-3x-3x-3=-3 4

Exercise 1)

1. Determine whether each of the following statements is true or false.

2) Y17281=26 b 3/719 L gyter=x4 g —r-t

90 625 20

2. Find the cube root of each of the following.

1 3,3 L =1
— 9) \/X7 i) ——
a) 0 c) 1000 &) =g ) 1331
b) 343 d) 0. 001 1 0

f) 9261 h) 27

3. Evaluate each of the following.

a) V-27 0 _Si/I f) ¥/-1000 hy —3-64
64

D) 3= 7 3l 1
8 &) ||=8 q) 3—=~ i) 125

Challenge Problem
4. Simplify:  a) 5118 - 3472 + 4450 b) 24/5 x7+/2

V14 x /45
5. Simplify the expressions. Assume all variables represent positive rational
number.
y5 C) 3[16a3 X5 yll
a)3/—— e) 3— 9)3]—
21y3 X y?2
b)3/162° f) ¥15m*n? h) 3/20s*°t*

4
d) 3 b_
27b
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Table of Cube Roots

The same table which you can used to determine cubes of numbers can be used
to find the approximate cube roots, of numbers.

T )WL) Find 3/64.48 from the numerical table.

W Find the value using rough calculations.
64.48 ~ 64; 364.48 ~ J64
L axaxa=4

Step i: Find the number 64. 48 in the body of the table for the relation
y=x.

Step ii: Move to the left on the row containing this number to get 4.0
under x. These are the first two digits of the required cube root
of 64. 48.

Step iii: To get the third digits start from 64.48 and move vertically
upward and read 1 at the top.

There fore 3/64.48 ~4.01 _

4.0 64.48

Figure 1.13 Tables of cube roots
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Example 30:

In Figure 1.14 below, find the exact volume of the boxes.

(a) 7 (b)
h= 5cm i h= V7m
77777777777777777777777777777777777 “W= vVZm
/= +414m
w = V5cm
¢= 35cm
Figure 1.14
Solution|
a) V=/xwxh

But the box is a cube, all the side of a cube are equal.
ie /=w=h=s

V=sx5x5=5

V = 3/5cm x3/5cm x3/5em

V= (Y5om |

vl

V=5cm’
Therefore, the volume of the box is 5cm®.
b) V=0xwxh
V= \/ﬂm X \/Em X ﬁm
V= \/ﬁmx\/ﬂmz
V= (Viaxiajn’®
V = 14m?
Therefore, the volume of the box is 14m®.

Exercise 1k

1. Use the table of cube to find the cube root of each of the following.
a) 32.77 c) 302.5 e) 3114
b) 42.6 d) 329.5 f) 3238
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Summary for unit 1

1. The process of multiplying a number by itself is called squaring the
number.

2. For each rational number x there is a rational number y (y >0) such that
X =y.
3. A square root of a number is one of its two equal factors.
4. A rational number x is called a perfect square, if and only if x = n? for
somen e Q.
5. The process of multiplying a number by itself three times is called cubing
the number.
6. The cube root of a given number is one of the three identical factors whose
product is the given number.
7. A rational number x is called a perfect cube, if and only if x = n® for some

ne@Q.

8. index

Vx

Lradicand

radical sign
9. The relationship of squaring and square root can be expressed as follows:

a —— Squaring a’=bwhereb >0

a — Squareroot || a2

e a is the square root of b and written as a = Vb

10. The relationship of cubing and cube root can be expressed as follows:
a— Cubing . a’=0p

a.__ | cupberoot | a®=p

e ais the cube root of b and written as a = Vb

33



Grade 8 Mathematics [SQUARES, SQUARE ROOTS, CUBES AND CUBE ROOTS ]

Miscellaneous Exercise 1
1. Determine whether each of the following statements is true or false.

3/8 -3 2 125 _ 1 V3
T 1 c)\/; ?—2.5 e) ﬁ_ 3

W)
1 (64 _ -1
J1_ |64 f) 4025=_2
b) \/79 \/; d) \E <63 = 43 2
7 g) +/0.0036 =0.06

2. Simplify each expression.

a) 33764 c)8\/2?75 e) 2\/5{%+\/§}
) 2 d) 2
3. Simplify each expression.
a) V600 d) 3(y3+6) e) V2 (V2 +/6)
b) /50 ++18 e) V197 hy +2 (V3 +8)
c) (5\/5)2 f) V64 + 36
4. Simplifying radical expressions ( where x = 0).
Y32 V12x*
a) 3 —4 C) \/ﬁ e) 3/p17q18
0 Y162x5

a2 d) 380n°

5. Study the pattern and find a and b

O OSSO OO

Figure 1.15
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6. Study the pattern and find a, b, c and d.

2x2 2)
6 ¥ 5 .
~ ' b
X3
X3l - o
22 ke : CJ
2x%)
47 d)
Figure 1.16
7. Anamoeba is a single cell animal. When tp/&b\“
the cell splits by a process called “fission” /' \ _;D\
there are then two animals. In a few hours b é}ib ?1;? &
. \ / \ ‘\ / \\
a single amoeba can become a large p < B g b &
colony of amoebas as shown to the right.
Figure 1.17
Number of splits Number of amoeba cells
0 1
1 2
2 4=2x2=2
3 8=2x2x2=2°
How many amoebas would there be
a) After 4 splits? c) after 6 splits?
b) After 5 splits? d) after 10 splits?
8. Using only the numbers in the circular table, write down, all that are:
a) square numbers me—
) s ’ 9261 1225 27
b) cube numbers ; 625
324 441 4096

Figure 1.18
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9. Find the exact perimeter of a square whose side length is 53/16 cm.
10. The length of the sides of a cubes is
related to the volume of the cube

according to the formula: x = 3/V.
a) What is the volume of the cube ifthe | |
side length is 25cm. X

b) What is the volume of the cube if the Figu)r(e 1.19 Cube
side length is 40 cm. _
11. In Figure 1.20 to the right find: ‘
a) the surface area of a cube. | 4em
b) the volume of a cube. R 4‘
c) compare the surface area and the o 4C;:]
volume of a given a cube o
Figure 1.20 Cube

12. Prove that the difference of the square of an even number is multiple of 4.
13. Show that 64 can be written as either 2° or 4°,
14. Look at this number pattern.

72 =49

67° = 4489

667° = 444889

6667° = 44448889

This pattern continues.

a) Write down the next line of the pattern.

b) Use the pattern to work out 66666677,
15. Find three consecutive square numbers whose sum is 149.
16. Find the square root of 25x? — 40xy + 16y~

64a> 32a
" + 4+ 5

18. Find the cube root of 27a° + 54a°b + 36ab® + 8b>.

17. Find the square root of
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UNIT

FURTHER ON

WORKINEG WITH
VARIAEBLES

Unit outcomes

After Completing this unit, you should be able to:
> solve life related problems using variables.
> multiply binomial by monomial and determine the product
of binomials.
» determine highest common factor of algebraic

expressions.

Introduction

By now you are well aware of the importance of variables in mathematics. In this
unit you will learn more about variables, specially you will learn about
mathematical expression, its component parts and uses of variables in formulas
and solving problems. In addition to these you will study special expressions
known as binomials and how to perform addition and multiplication on them.
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2.1. Further on Algebraic Terms and Expressions
2.1.1 Use of variables in formula

Group Work 2.1
Discuss with your friends
1. What a variable is?
2. Find what number | am left with if
a. | start with x, double it and then subtract 6.
b. I start with x, add 4 and then square the result.
c. | start with x, take away 5, double the result and then divide
by 3.
d. I start with w, subtract x and then square the result.
e. | start with n add p, cube the result and then divide by a.
3. Translate the following word problems in to mathematical
expression.
a. Eighteen subtracted from 3.
b. The difference of -5 and 11.
c. Negative thirteen subtracted from — 10.
d. Twenty less than 32.
4. Describe each of the following sets using variables.
a. The set of odd natural numbers.
b. The solution set of 3x —1>4.
c. The solution set of x + 6 = 24.
d. The set of all natural number less than 10.

Definition 2.1: A variable is a symbol or letter such as x, y and z
used to represent an unknown number (value).

ENNAERY Describe each of the following sets using variables.
a. The solution set of 3x -5 > 6.
b. The solution set of 2x + 1 = 10.
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Q) 3X=-5>6....ccccuinns Given inequality
3X-5+5>6+5......... Adding 5 from both sides
X>11 o Simplifying
%X>1_31 rveeriireereen..... Dividing both sides by 3
x>

3

The solution set of 3x -5>6is {x X > 1—31}

b) 2x+1=10.............. Given equation.
2x+1-1=10-1...... Subtracting 1 from both sides.
2X=9 ... Simplifying.
%":% +ovvrr...... Dividing both sides by 2.
x=2
2

The solution set of 2x + 1 =10 is X =§ or S.S :{%}

EN P Find the perimeter of a rectangle in terms of its length ¢ and width w.
BEEIMIEYY  Let P represent the perimeter of the rectangle.
ThenP=AB + BC + CD + DA

=i+twHo+w D[ 1€
=20+ 2w
w
=2(0+w) W
ALl g [1p
Figure 2.1

SENIERE The volume of a rectangular prism
equals the product of the numbers

which measures of the length, the
width and the height. Formulate the | .Zr—""""""""-
statement using variables. -

Figure 2.2 A rectangular prism
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m let ¢ represent the length, w the width and h the height of the
prism. If V represents the volume of the prism, then

V=0xwxh
V = wh

SENNIERES Express the area of a triangle in
terms of its base ‘b’ and altitude

‘h’.
I Let “b” represent the base and “h”

the height of the triangle.
A=bh

A R

Figure 2.3 triangle

y

SENNUERE The area of a trapezium (see Figure 2.4) below can be given by the
formula A = % (b;+ by) where A = area, h = height, b, = upper

base and b, = lower base. If the area is 170 cm?, height 17cm

and b, = 12cm then:

a) Express b; in terms of the
other variables in the
formula for A.

b) Use the equation you

|—— bl —»|

obtained to find b. <

a) %h (by +by) = A .... Given equation

h(by +by)=2A ..... Multiplying A by 2
2A

b1 +by = R Dividing both sides by h

b, >
Figure 2.4 Trapezium

b, = Zh—A -by ... Subtracting b, from both sides

by = 222 .. Simplifying
b) For (a) above we have
_ 2A-bzh
bl - T

_ 2(170)- 17(12)
by = 17
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_ 17(20-12)
by = 17
b1 = 8cm

Therefore the upper base (b;) is 8cm.
¥ Check: A =-h(bs +b,) when by = 8cm
170em? 1 (17¢m) (8em + 12cm)

-
170cm? © = cm (20em)

170 cm? = 170 cm? (True)

Exercise 28
Solve each of the following word problems.
1. The perimeter of a rectangular field is 1000m. If the length is given as X,
find the width in terms of x.
2. Find
i) The perimeter of a square in terms of its side of length "s” unit.
i) The area of a square interms of its side of length "s” units.
3. Express the volume of the cube in
Figure 2.5.

2k-1

] 2k-1

2k-1
Figure 2.5 Cube
4. The area of a trapezoid is given by the formula A = (@) h then give

the height h interms of its bases b; & bs.
5. A man is 8x years old now. How old he will be in:

a. 10 years time? b. 6x years time? c. 5y years time?
6. How many days (d) are there in the given number of weeks (w) below?

a. 6 weeks c. y weeks

b. 104 weeks d. 14 weeks
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2.1.2 Variables, Terms and Expressions

Activity 2.1
Discuss with your teacher before starting the lesson.
1. What do we mean by like terms? Given an example.

2. Are 7a3, 5a2 and 12a like terms? Explain.
3. What is an algebraic expression?

4. What is a monomial?

5. What is a binomial?

6. What is a trinomial?

7. What are unlike terms? Give an example.

Definition 2.2: Algebraic expressions are formed by using numbers,
letters and the operations of addition, subtraction,
multiplication, division, raising to power and taking
roots.

Some examples of algebraic expressions are:
X + 10,y — 16, 2x* + 5x — 8, x — 92, 2x + 10, etc.

Note:
i. An algebraic expression that contains variables is called an
expression in certain variables. For examples the expression
7xy + 6z is an algebraic expression with variables x, y and z.
il. An algebraic expression that contains no variable at all is called
constant. For example, the algebraic expression 72 - 16m is constant.
lii. The terms of an algebraic expression are parts of the expression that
are connected by plus or minus signs.

SCUTILEENCH List the terms of the expression 5x* — 13x + 20.

I The terms of the expression 5x? — 13x + 20 are 5x°, - 13x, and 20.

Definition 2.3: An algebraic expression in algebra which contains
one term is called a monomial.
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Example 7: BRSO _?2 18xy, 0.2a°b® are all monomial.

CUTIEERC 2x + 2y, 2a—3b, 5p° + 8, 3x* + 6, n® — 3 are all binomial.

NI 4x% + 3x + 10, 3x> — 5x + 2, ax’ + bx + c are all trinomial.

For example:

Like terms Unlike terms

34xy and -8xy 12xy and 6X ...... Different variables.
18p2q3 and p2g3 8p2q3 and 16p3qg? ...Different power
5w and 6w 10wand 20 ...... Different variables.
7and 20 14 and 10a...... Different variables.

ELILEN Which of the pairs are like terms: 80ab and 70b or 4c’d?, and
-6¢” d?.

I 4c?d? and -6¢%d? are like terms but 80 ab and 70 b are unlike
terms.
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Note:

i.  Constant terms with out variables, (or all constant terms) are like

terms.

simplified expression.

Only like terms can be added or subtracted to form a more

Adding or subtracting like terms is called combining like terms.
If an algebraic expression contains two or more like terms, these

terms can be combined into a single term by using distributive

property.

SENNERES Simplify by collecting like terms.

a. 18x+27-6x-2
b. 18k-10k-12k+16+7

a. 18x+27-6x-2
=18x -6x+27-2
=12x+25 .

b. 18k—-10k-12k + 16 +7

Collecting like terms
Simplifying

Collecting like terms
Simplifying

SENNIERMYE Simplify the following expressions

a. (6a+ 9x)+ (24a-27x)

b. (10x + 15a) — (5x + 10y)

c. —(4x-6y)-(3y +5x)—2x)
| Solution

a. (6a+9x)+ (24a-27x)
=6a+9x + 24a - 27x

Removing brackets

=6a+24a+9x — 27X ....... Collecting like terms

=30a - 18X ..... Simplifying
b. (10x + 15a) — (5x + 10y)
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=10x + 15a—5x - 10y ....... Removing brackets
=10x - 5x + 15a— 10y ....... Collecting like terms
=b5x+15a-10y ............Simplifying

c. —(4x-6y)—-(3y+5x)-2x
=-4X+06y—-3y—-5X—2X ...... Removing brackets
=-4X-5X—-2X + 6y -3y ...... Collecting like terms
=Z-1IXH3Y e, Simplifying

Group work 2.2
1. Three rods A, B and C have lengths of (x + 1) cm; (x + 2) cm and

(x — 3)cm respectively, as shown below.

| x +1 | | x + 2 | | x=-3 |

B) B) ©)
Figure 2.6

In the figures below express the length / interms of x.

Give your answers in their simplest form.

a. [ & c d. [ B | C
P / [ J
/
CA_ 1 A [ C |
b. — B LB e. B L £
A [ B |
c__ . w—
c. ; f. Y
Figure 2.7

2. When an algebraic expression was simplified it became 2a + b.
a. Write down as many different expressions as you can which
simplify to 2a + b.
b. What is the most complex expression you can think of that
simplifies to 2a + b?
c. What is the simplest expression you can think of that simplifies to
2a +b?




Grade 8 Mathematics [FURTHER ON WORKING WITH VARIABLES

Note: An algebraic formula uses letters to represent a relationship
between quantities.

Exercise 28
1. Explain why the terms 4x and 4x? are not like terms.
2. Explain why the terms 14w? and 14z%are not like terms.
3. Categorize the following expressions as a monomial, a binomial or

a trinomial.

a. 26 d. 16x° g. 20w”* — 10w?
b. 50 bc? e. 10a° + 5a h. 2t - 10t* - 10a
c. 90 + X f.27x+2 i. 70z + 1322 - 16

4. Work out the value of these algebraic expressions using the values given.
a. 2(a+3)ifa=5
b. 4(x+y)ifx=5andy=-3
C. %ifx:-3andy:—2

2a+b

d - ifa=3,b=4andc=2

e. 2(b+c)*-3(b-c)’if b=8andc=-4
f. (a+b)?+(a+c)’ifa=2,b=8andc=-4
g

.c(@+h)’ifa=3,b=5andc=40

Challenge Problems

5. Solve fordifd = \/(Xz- x1)2+ (y2- yl)2 ifx;=3, y1=4

and Xp =12, Yo = 37.

6 [3x+6y(x-20)]
' 2x+12

7. Collect like terms together.

a. xy+ab—cd+2xy—ab+dc d.5+2y+3y°—8y—6+2y*+3
b. 3x*+4x+6-x*-3x-3 e. 6x° = 7x + 8 — 3x% + 5x — 10
C. 3YP—Bx+Y+x2+7x+4x* f.2xX°-3x+8+x°+4x+4

ifx:5andy:§
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2.1.3 Use of Variables to Solve Problems

Activity 2.2
Discuss with your teacher

1. Prove that the sum of two even numbers is an even numbers.
2. If the perimeter of a rectangle is 120cm and the length is 8cm more than the
width, find the area.
3. The sum of three consecutive integers is 159. What are the integers?
4. The height of a ballon from the ground increases at a steady rate of x metres
in t hours. How far will the ballon rise in n hours?
In this topic you are going to use variables to solve problems involving some

unknown values and to prove a given statement.

@ What is a proof?

A proof is an argument to show that a given statements is true. The argument
depends on known facts, such as definitions, postulates and proved theorems.

ETENRE (Application involving consecutive integers)
The sum of two consecutive odd integers is -188. Find the integers.

I Let x represent the first odd integer, hence
X + 2 represents the second odd integer.

(First integer) + (Second integer) = total ....... Write an equation in words.
X+ (x+2)=-188 ...... Write a mathematical equation
X+Xx+2=-188
2x +2=-188
2x =-190
2x _ 1%
2 2
X =-95

Therefore the integer are -95 and -93.

ET NN (Application involving Ages)
The ratio of present ages of a mother and her son is 12 : 5. The mother’s
age, at the time of birth of the son was 21 years. Find their present ages.

(Hint: §= %)
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Let x be the present age of the mother and y be that of her son.
Thus x:y =12:5or x_12
y 5
5x-12y=0...... Equation 1
X-y=21.... Equation 2
From equation 2, we get x =21 +vy ...... Equation 3
Substituting equation 3 in to equation 1, we will get:
521+y)-12y=0
105+5y-12y=0
105-7y=0
105 =7y
y=15
Thusx=21+y
Xx=21+15=x=36
Therefore, the present ages of a mother and her son are 36 years and
15 years respectively.

Exercise 2C

Solve each of the following word problems.

1. A 10 meter piece of wire is cut in to two pieces. One piece is 2 meters
longer than the other. How long are the pieces?

2. The perimeter of a college basket ball court is 96 m and the length is 14m
more than the width. What are the dimensions?

3. Ten times the smallest of three consecutive integers is twenty two more
than three times the sum of the integers. Find the integers.

4. The surface area “S” of a sphere of radius r is given by the formula:
S=4nr’.
Find (i) the surface area of a sphere whose radius is 5 cm.

(ii) the radius of a sphere whose surface area is 17% cm?.

5. By what number must be 566 be divided so as to give a quotient 15 and
remainder 11?

6. | thought of a number, doubled it, then added 3. The result multiplied by
4 came to 52. What was the number I thought of ?
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7. One number is three times another, and four times the smaller added to
five times the greater amounts to 133; find them.

Challenge Problems
8. If a certain number is increased by 5, one — half of the result is three —
fifths of the excess of 61 over the number. Find the number.
9. Divide 54 in to two parts so that four times the greater equals five times
the less.
10. Prove that the sum of any 5 consecutive natural numbers is divisible by 5.

2.2 Multiplication of Binomials

In grade seven you have studied about certain properties of multiplication and
addition such as the commutative and associative properties of addition and
multiplication and the distributive of multiplication over addition. In this sub—
unit you will learn how to perform multiplication of monomial by binomial and
multiplication of binomial by binomial.

2.2.1 Multiplication of Monomial by Binomial

Activity 2.3
Discuss with your friends /partners/

1. Multiply 4a by 2ab 3. Multiply 6b by (3a + 15b)
2. Multiply 4b by (2ab + 6b) 4. Multiply 7ab by (3ab — 6a)

You begin this topic, let us look at some examples:

EN R Multiply 2x by 4yz

2X x4yz =2 x X x4 xyxZ
=(2x4) (xxyx2z)
= 8xyz
SCNIIERGH Multiply 4c? by (16 abc — 5a% bc)
4c? x (16abc — 5a°hc)
= (4c? x 16abc) — (4c? x 5a’bc)
=(4x16xc®xcxaxh)—(4x5xc?xcxaxh)

=64cab-20ca’b
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Multiply 4rt (5pq - 3pg)
Solution: |

4rt x (5pg - 3pQ)

= (4rt x 5pq) — (4rt x 3pQ)
=(@x5xrxtxpxq)—(4x3xrxtxpxq)
= (20rt pg—12 rt pq)

=(20-12) rt pq

= 8pgrt

@ Do you recall the properties used in examples 15, 16, and 17 above?

1. Distributive properties
Group Work 2.3

1. In Figure 2.8 below, find the area of the shaded region.
b
L b

2a .
Figure 2.8

2a

x

2. Ifthe area of a rectangle is found by multiplying the length times
the width, express the area of the rectangle in Figure 2.9 in two ways
to illustrate the distributive property for a(b + c).
| b | c |
1 \

B — b+C - 0000 >

Figure 2.9
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3. Express the shaded area of the rectangle in Figure 2.10 in two ways
to illustrate the distributive property for a (b - c).

}4 b-c :}

> ‘

a
o ‘47b'C4>(47 C 4>‘
Figure 2.10
4. InFigure 2.11, find the area of each rectangle.
X 3
X Ry R;

x+2)

2 R, R4 ‘L

e (x+3) ——I
Figure 2.11
Consider the rectangle in Figure 2.12 which has been divided in to two smaller
ones:
The area A of the bigger rectangle is given by: A =a(b + c).
The area of the smaller rectangles are given by A; = ab and A, = ac; but the sum
of the areas of the two smaller rectangles are given by,

A1 + A, gives the area A of the bigaer rectangle:
l¢ b+c
k

v

Ay A,

T |
|

T —

b c
Figure 2.12 Rectangle
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That means: A=A; + A,

alb+c)=ab+ac
This suggests that a(b + ¢) = a x b + a x ¢ the factor out side the bracket multiply
each number in the bracket, this process of removing the bracket in a product is
known as expansion.
Similarly consider another rectangle as in Figure 2.13 below.
Area of the shaded region = area of the bigger rectangle—area of the un shaded
region.
Therefore, a (b —c) = ab —ac.

b b
bc cﬂ_

Figure 2.13 Rectangle

You have seen that the above two examples on area of rectangle, this could be
generalized as in the following way:

Note: For any rational numbers a, b, and ¢
a. ab+c)=ab+ac b.a(b-c)=ab-ac
These two properties are called the distributive properties of
multiplication over Addition (subtraction).

Exercise 2D

1. Expand these expressions by using the distributive properties to remove the
brackets in and then simplify.

1. 2(a+b)+3(a+bh) 6. 7(2d + 3e) + 6 (2e — 2d)
2. 5(2a—b) +49(a + b) 7.3(p +2q) + 3(5p - 20q)
3. 4(5a+c) + 2(3a—¢c) 8.5(5q + 4h) + 4(h - 5q)

4. 5(4t — 3s) + 8(3t + 25) 9.6(p+2g+3r)+2(3p-4q +9r)
5. 5(3z+b) +4(b-22) 10. 2(a+2b-3c)+3(5a—-b +4c)+4(a+b+c)
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Challenge Problems

11. Remove the brackets and simplify.

a) (X + 1)% + (x + 2)? d) (x + 2)° = (x - 4)°
b) (y —3)* + (y - 4)° e) (2x + 1)* + (3x + 2)?
) (X = 2)* + (x + 4)? f) (2x — 3)? + (5x + 4)?

2.2.2 Multiplication of Binomial by Binomial

Discuss with your friends / partners

Find the following products

1. (2x +8) (3x - 6) 4. (2x-10) (x - 8)
2.(5a+4)(4a+6) 5. (2a2 - ab) (20 + x)
3.(2x-8) (2x + 8) 6. (3x2+2x-5)(x-1)

Sometimes you will need to multiply brackets expressions. For example (a + b) (c + d).

This means (a + b) multiplied by (c + d) or (a + b) x (c + d).

Look at the rectangles 2.14 below.

The area ‘A’ of the whole rectangle is (a + b) (c + d). It is the same as the sum of the

areas of the four rectangle so: A=A; + A, + Az + A,
(a+b)(c+d)=ac+ad+bc+bd

« e d

!
a A;=ac A, =ad
|
ﬁ
o As=be A, = bd
!

Figure 2.14 Rectangle
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Notice that each term in the first brackets is multiplied by each term in the second
brackets:
axd

(@+b) (¢ +d)

bxd

You can also think of the area of the rectangle as the sum the areas of two separate part
(the upper two rectangles plus the lower two rectangle) see Figure 2.15:

Thus, (a+b) (c+d)=a(c+d)+b(c+d)

Think of multiplying each term in the first bracket by the whole of the second bracket.
These are two ways of thinking about the same process. The end result is the same. This
is called multiplying out the brackets.

<« C+d

v

Area = a(c+d)

Area = b(c+d)

!
a
.
A
|
b
v

Figure 2.15 Rectangle
This process could be described as follows.

Note: If (a+b)and (c +d) are any two binomials their product
(@a+b) x (c+d)is defined as:

[

(@th)x(c+d)=ac+ad+bc+hd

Lt 1
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Multiply (4 + 4) by (3x + 8)

(AX+4) (3Xx+8)=(4x x3x) + (4x x 8) + (4 x 3X) + (4 x 8)
= 12%% + 32x + 12X + 32
= 12%° + 44x + 32
SENERER Multiply (2x + 10) by (3x - 6)
(2x + 10) (3x - 6) = (2x x 3x) — (6 x 2x) + (10 x 3x) — (6 x 10)
= 6x° - 12X + 30x — 60
= 6x° + 18x — 60
SENIEZAE Multiply (2x - 3) by (4x - 12)

(2x - 3) (4x - 12) = (2x x 4X) — (12 x 2X) — (3 x 4x) + (3 x 12)

b = 8x7 - 24x - 12X + 36
= 8x* - 36x + 36
In the multiplication of two binomials such as those shown in example 20 above,
the product 2x x 4x = 8x? and -3 x -12 = 36 are called end products. Similarly,
the product -12 x 2x = -24x and -3 x 4x = -12x are called cross product. Thus
the product of any two binomials could be defined as the sum of the end
products and the cross products. The sum of the cross products is written in the
middle.

SENNIEZAR Multiply (4x - 6) by (4x + 10)
Solution|

end product

v v
(4X - 6) (4x + 10) = (4x x 4x) + (4X x 10) — (6 x 4x) — (6 x 10)
@ t ¢
Cross product

= 16x° + 40X - 24X — 60
= 16x° + 16X — 60
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SEIEEZE Multiply (4x-10) by (6x-2) end product
Solution JNZESNN { y

(4x -10) (6x -2) = (4x x 6X)-(2x4x)-(10x6x)+(10x2)

cross product
= 24x°-8x-60x+20
= 24x°-68x+20
Exercise 2E
Find the products of the following binomials.

1. (2x +2y) (2x - 2y) 6.(5+3)(-3)

2. (3x + 16) (2x — 18) 7. (Gx+ 3x) (3x+ 1x)

3. (-4x - 6) (-20x + 10) 8. (sab- Zab) (-4ab-ab)

4. -5 [(4x+y)(3x+2b)] 9. (gab+ gazbz) (§a2b2+ %azbz)

5, (%— §x) (2x + 1)

Challenge Problems
10. (2X% + 4x — 6) (X* + 4)
11. (2 - 4x - 6) (5x%-6)
12. (4x* + 4x — 10)(5x-5)

2.3 Highest Common Factors

Activity 2.5
Discuss with your teacher before starting the lesson.
1. Define and explain the following key terms:

a. Factorizing a number b. Prime factorization
2. Find the HCF of the following.
a. 72 and 220 b. 36, 48 and 72 c. 120, 150 and 200
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3. Find the HCF of the following:
a. 20xyz and 18x2z2
b. 5x3y and 10xy?
c. 3a2b?, 6a3b and 9ah3
4. Factorize the following expressions.

3 1 5a?b? 15 4.2
a.Eac—Ead €. T+?ab
b. x(2b + 3) +y(2b + 3) d. a2(c+2d)-b?(c +2d)

Factorizing

This unit is devoted to the method of describing an expression is called
Factorizing. To factorize an integer means to write the integer as a product of
two or more integers. To factorize a monomial or a Binomial means to express
the monomial or Binomial as a product of two or more monomial or Binomials.
In the product 2x5 = 10, for example, 2 and 5 are factors of 10. In the product

(3x + 4) (2x) = 6x* + 8x, the expressions (3x + 4) and 2x are factors of 6x? + 8x.

Factorize each monomial in to its linear factors with coefficient
of prime numbers.
a. 15x° b. 25x°
Solution:
a. l5X3:(3><5)><(X><X><X)
= (3x) x (5x) x (x).
b. 25X3:(5><5)><(X><X><X)
= (5x) x (5%) (x).

SEIEREY Factorize each of the following expressions.
a. 6x°+12 b. 5x* + 20x°

a 6X°+12=6X+6x2
= 6(X? + 2)
b. 5x*+20x° =5x% x X + 5X° x 4
= 5x3(x + 4)
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Exercise 2F
Factorize each of the following expressions.

1. 2x%+6x 6. 3a’b — 5bc®

2. 18xy? - 12xy’ 7. 6x*yz + 15x°y*z

3. 5x% + 10xy? 8. 8a’b’c* — 12a%p%c®

4. 16a’h + 24ab? 9. 8xy? + 28xyz — 4xy

5. 12ab*c® + 16ac’ 10. -10mn*® + 4m*n — 6mn?

Challenge Problems

11. 7a’b® + 5ab® + 3a°b 14. 16x* — 24x3 + 32x°
12. 2a%0° + 3a°b® + 4a’b 15. 10x3 + 25x° + 15x
13. -30abc + 24abc — 18a%h

Highest common factor of two integers
Group Work 2.4

Discuss with your group

For Exercise 1 — 4 factor out the HCF.
1. 15x2 + 5x

2.5q°-10q°

3.ySy+1)-9(55y +1)

4.5x (x-4)-2(x-4)

You begin the study of factorization by factoring integers. The number 20 for example
can be factored as 1x20, 2x10, 4x5 or 2x2x5. The product 2x2x5 (or equivalently 2°x5)
consists only of prime numbers and is called the prime factorization.

The highest common factor (denoted by HCF) of two or more integers is the highest
factor common to each integer. To find the highest common factor of two integers, it is
often helpful to express the numbers as a product of prime factors as shown in the next
example.
Find the highest common factor of each pair of integers.

a. 24 and 36

b. 105 and 40
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First find the prime factorization of each number by multiplication or by factor tree
method.

a. 1. by multiplication ii. By using factor trees

Factors of 24 = x 2 X 24

Factors of 36 = x 3 @\12 @\ 18

The numbers 24 and 36 share two factors of 2 and one factor of 3. Therefore, the highest
common factor is 2x2x3 =12

b. i. By multiplication
Factors of 105=3 x 7 x
Factors of 40 = 2x2x 2 x

ii. By using factor trees
105 40

N\

@35 @20
CCNO N

Therefore, the highest common factors is 5.

Highest common factor (HCF) of two or more monomials
ENNIERAE Find the HCF among each group of terms.
a. 7% 14x% 21x*

b. 8c’d’e, 6¢°d*
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List the factors of each term.

a) 7x°= xX
14x° =2 x
21x* =3 x XX XX

Therefore, the HCF is 7x%.
8c’d’e=2%¢c%d"e
b) The common factors are the common powers of 2, c and d
6cid? =2x3c3d*
appearing in both factorization to determine the HCF we will take the common
least powers. Thus
The lowest power of 2 is : 2*
The lowest power of ¢ is : ¢?
The lowest power of d is : d*

Therefore, the HCF is 2¢%d”.
ENNAEPYH Find the highest common factor between the terms:
3x(a +b) and 2y(a + b)
3x (a+D)

2y(a + b)
Therefore, the HCF is (a + b).

The only common factor is the binomial (a + b).

Factorizing out the highest common factor

Factorization process is the reverse of multiplication process. Both processes use
the distributive property: ab + ac =a (b + ¢)

NIV Multiply: 5y(y* + 3y + 1)
=By (y*) + 5y(3y) + 5y(1)
=5y° + 15y + 5y
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Factor: 5y° + 15y° + 5y
= 5y(y”) + 5y(3y) + 5y(1)

=5y (y’+3y+1)
e Find the highest common factors
a. 6x%+3x b. 15y° + 12y* c. 9a’b - 18a°h + 27a°%

M 2. The HCF of 6x? + 3x is 3x ... Observe that 3x is a common factor.
6x% + 3x = (3X x 2X) + (3X x 1) ... Write each term as the product
of 3x and another factor.
=3x(2x+1)...... Use the distributive property to
factor out the HCF.
Therefore, the HCF of 6x° + 3x is 3x.

v Check: 3x (2x + 1) = 6x* + 3x
b. The HCF of 15y° + 12y* is 3y° ...Observe that 3y> is a common factor.
15y° + 12y* = (3y°® x 5) + (3y® x 4y) .... Write each term as the product of
3y? and another factor.
=3y} (5 +4y) ...... Use the distributive property to factor out
the HCF.
Therefore, the HCF of 15y° + 12y* is 3y°.
c. 9a'b — 18a°b + 27a°h is 9a’b ...Observe that 9a’b is a common factor.
= (9a*b x 1) — (9a*b x 2a) + (9a*b x 3% ...... Write each term as the
product of 9a’b and another factor.
=9a’h(1-2a+3d) ...... Use the distributive property to factor out the
HCF.
Therefore the HCF of 9a*b - 18a°b + 27a% is 9a’b.

Factorizing, out a binomial factor
The distributive property may also be used to factor out a common factor that
consists of more than one term such as a binomial as shown in the next example.
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eI Factor out the highest common factor:

2x (5x + 3) = 5(bx + 3)

2X(5x +3) = 5(5x +3) ........ The Highest common factor is the binomial
5X + 3
=(5x+3) x (2X) = (65X +3) x (5) ......... Write each term as the product

of (5x + 3) and another factor.
= (5x + 3) (2x = 5) ..... Use the distributive property to factor out the
HCF.

v'Check: (S@x —5) = (5x + 3) (2x) + (5x + 3) (-5)
‘@ = 2x (5% + 3) — 5(5% + 3)

Exercise 2G
1. Find the highest common factor among each group of terms.

a. -8xyand 20y e. 3x%y, 6xy? and 9xyz
b. 20xyz and 15yz° f. 15a°0? and 20ab’c
c. 6xand 3% g. 6ab*c? and 12a’b3cd

d. 2ab, 6abc and 4a’c
2. Find the highest common factor of the pairs of the terms given below.
a. (2a—b)and3(2a-b) e. 21x (x + 3) and 7x%(x + 3)
b. 7(x-y)and 9(x - ) f. 5y*(y — 2) and -20y(y — 2)
c. 14(3x +1)%and 7(3x + 1)
d. a’(x +vy)and a’(x +y)?
3. Factor out the highest common factor.

a. 13(a+6)—4b (a+6) d. 4(x + 5)% + 5x(X + 5) — (X + 5)
b. 70 +2) - y(x* +2) e.6(z-1)°%+72(z-1°-(z-1)
c. 8x(Y*=2)+(y*-2) f. x* - 4x

Challenge Problems
4. Factor by grouping: 3ax + 12a + 2bx + 8b
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Summary For Unit 2

1. A variable is a symbol or letter used to represent an unspecified value in
expression.

2. An algebraic expression is a collection of variables and constant under
algebraic operations of addition or subtraction. For example, y + 10 and
2t — 2 x 8 are algebraic expressions.

The symbols used to show the four basic operations of addition,
subtraction, multiplication and division are summarized in Table 2.1

Table 2.1
Operation Symbols Translation

Addition X+y v/ Sum of x and y

v xplusy

v’ y added to x

v" y more than x

v’ xincreased by y

v the total of x and y
Subtraction X-y v difference of x and y
v xminusy

vy subtracted from x
v’ x decreased by y
v" y less than x
Multiplication | x x y, x(y), Xy v’ product of x and y
v’ xtimesy

v' x multiplied by y

z X/y v" Quotient of x and y
V v x divided by y

vy divided into x

v ratio of x and y

v’ X overy

Division X+,

3. For any rational numbers a, b and c
a.a(b+c)=ab+ac
b.a(b-c)=ab-ac
These two properties are called the distributive properties.
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4. If (a + b) and (c + d) are any two binomials whose product (a + b) (c + d) is
defined as (& + b) (c + d) = ac + ad + bc + bd.

5. The highest common factor (HCF) of numbers is the greatest number which
is a common factor of the numbers.
The procedures of one of the ways to find the HCF is given below:
1) List the factors of the numbers.
2) Find the common factors of the numbers.
3) Determine the highest common factors of these common factors.

Miscellaneous Exercise 2
|. State whether each statement is true or false for all positive integers x, y, z and w.

1.

© gk~ wD

If a number y has z positive integer factors, then y and 2z integer
factors.

If 2 is a factor of y and 3 is a factor of y, then 6 is a factor of y.

If y has exactly 2 positive integer factors, then y is a prime numbers.
If y has exactly 3 positive integer factors, then y is a square.

If y has exactly 4 positive integer factors, then y is a cube.

If x is a factor of y and y is a factor z, then x is a factor of z.

ll. Choose the correct answer from the given four alternatives.

7.

10.

11.

64

A triangle with sides 6, 8 and 10 has the same perimeter as a square

with sides of length ?

a.6 b. 4 c.8 d. 12

If x +y=10and x — y = 6, what is the value of x® - y*?

a. 604 b. 504 c. 520 d.-520
Ifab+5a+3b+15=24anda+3=6,thenb+5=__  ?
a.5 b. 50 c4 d. 12

If ab = 5 and a + b% = 25, then (a + b)* = ?

a. 35 b. 20 c. 15 d. 30

If nis an integer, what is the sum of the next three consecutive even
integers greater than 2n?

a.6n+12 b.6n + 10 c.6n+4 d.6n+8
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12. One of the following equation is false.
a.A=§bhforh=% c.P=2(£+w)for/=§-w

ol.A=1bh1=orh=\/7—A
2 h

13. If x =6 and y = 2, then what is the value of 3x* — 4( 2y — 2)+8.
12

b. A =25’ + 4sh forh =

A-2s?
4s

a3 p ¢ 2 g, 100
3 3 3 3
14. Find the value of y, if y = x* -6 and x = 7.
a. 49 b.7 c.43 d. 45
15. If x = 2 and y = 3, then what is the value of y* + xy x y + Xx?
a. 9 b.-29 c. 29 d. 18
a
a+—
16. Ifa=4and b = 7, then what is the value of g ?
a_i
b
a. 8 b.1 c.2 d.2
3 3

I1l. Work out Problems
17. Simplify each of the following expressions.

a. (C+2x=3)-(X*-2x+4)

b. 2x(3x +4) - 3(x +5)

c. X (Y?+5xy) + 2xy(3x — 2y )

d. 2(a’h*- 4a’n®) - 8(ab? — 3a’h?)
18. Express the volume of this cube.

x-1

x-1

x-1

Figure 2.16 cube
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19. Find the surface area of this cube.

Figure 2.17 cube

20. Prove that the sum of five consecutive natural number is even.
21. Prove that 6(n + 6) — (2n + 3) is odd numbers for all n e N
22. Multiply the expressions.

a. (7x+y)(7x-y) f. (5a—4b) (2a-b)
b. (5k + 3t) (5k + 30) 0. (3x+6)(5x-3)
c. (7x-3y) (3x-8y) h. (2h +2.7) (2h - 2.7)
d. (5z+3)(Z°+4z-1) i. (k-23)°
2
e. (3mn) . (k +3)°
23. Find the highest common factor for each expression.
a. 12x*—6x e. 4x (3x —y) + 5(3x —y)
b. 8x(x-2)-2(x-2) f. 2 (5x +9) + 8x(5x +9)
c. 8(y+5)+9y(y+5) 9. 8¢° + 24¢’

d yby+1)-8(y+1)

24. Find three consecutive numbers whose sum shall equal 45.

25. Find three consecutive numbers such that twice the greatest added to three
times the least amount to 34.

26. Find two numbers whose sum is 36 and whose difference is 10.

27. If a is one factor of x, what is the other factor?

28. Find the value of (x+5) (x+2) + (x-3) (x —4) in its simplest form. What is the
numerical value when x = -6?

29. Simplify (x + 2) (x + 10) — (x — 5) (x — 4). Find the numerical value of this
expression when x = -3.
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UNIT

LINEAR EQUATIONS
AND
INEQUALITIES

Unit outcomes

After Completing this unit, you Should be able to:
» understand the concept equations and inequalities.
» develop your skills on rearranging and solving linear

equations and inequalities.

> apply the rule of transformation of equations and

inequalities for solving problems.
» draw a line through the origin whose equation is given.

Introduction

In this unit you will expand the knowledge you already have on solving linear
equations and inequalities by employing the very important properties known as
the associative property and distributive property of multiplication over addition
and apply these to solve problems from real life. More over you will learn how
to set up a coordinate plane and drawing straight lines using their equation.
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3.1 Further on Solutions of Linear Equations

Group Work 3.1
Discuss with your friends/partners.
1. Solve the following linear equations using equivalent transformation.

a.6x—8=26 €. 5x—17 - 2x =6x -1 —x
b. 14x +6x = 64 d. 5x — 8 =-8 +3x —x
2. Solve the following linear equations.
a.7(x-1) -x =3-5x + 3 (4x - 3)
b. 0.60x + 3.6 = 0.40(x + 12)
C.8(x+2)+4x+3=5x+4+5(x+1)
d. 8y - (5y-9) =-160
e.3(x+7)+ (x-8)6 = 600
3. Do you recall the four basic transformation rules of linear equations.
Explain.

3.1.1 Solution of Linear Equations Involving Brackets

Activity 3.1

Discuss with your friends/partners.
Solve the following linear equations.

a.4(2x +3) =3(x + 8) d.3(6t+7 )=5 (4t + 7)
b.6(5x-7) =4(3x + 7) e.7(9d-5) =12 (5d -6)
c.4(8y+3)=6(7y+5) f.10x—-(2x+3)=21

To solve an equation containing brackets such as 5(4x + 6) = 50 —(2x + 10), you
transform it into an equaivalent equation that does not have brackets. To do this
it is necessary to remember the following rules.

Note: For rational numbers a, b and c,
a) at(b+tc)=a+tb+c
b) a-(b+c)=a-b-c
c) ab+c)=ab+ac

) alb-c)=ab-ac

o
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SENNIERY Solve: x —2(x-1) =1-4(x + 1) Using the above rules.
X—-2(x-1)=1-4(x+1) ...Given equation

X=2X+2=1-4x-4 ....... Removing brackets
X=2X+4x=1-4-2......... Collecting like terms
3xX=-5................Simplifying
3?" = ‘?5 ................. Dividing both sides by 3
X = _?5 ................. X is solved.
v’ Check: For x = _?5
5 5 5
2-2(F) ()
-5 10 ? 20
3 + 3 + 2 _ 1+——-14
-5 10 . 6 ? 3 20 12
ERERE R
11 11
5= (True)

ENNIEPH Solve 4(x — 1) +3 (x + 2) =5 (x — 4) using the above rules.
Ax-1)+3(x+2)=5(x—-4) ...... Given equation

4x-4+3x+6=5x-20......... Removing brackets
4X +3x-5x=-20+4—-6.......... Collecting like terms
2X =22 i Simplifying
el R Dividing both sides by 2
X=-11 .o, X is solved
v’ Check: Forx =-11
?

A(-11-1)+3 (-11+2) * 5(-11-4)

<

4(-12) + 3 (-9) © 5(-15)

~ |l

-48-27 ° -75
-75=-75(True)
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Exercise 3A

1. Solve each of the following equations, and check your answer in the

original equations.

a. IX—2x+ 6=9x-32 e.8x+4=3x-14
b. 21-6x=10-4x f.2x+3=7x+9
c. 2x-16=16-2x g.5x-17=2x+4
d. 8-4y=10- 10y h.4x + 9= 3x + 17

Solve each of the following equations, and check your answer in the
original equations.

a. 7-(x+1)=9-(2x-1) e.48y+3)=6(7y+5)

b. 3y+70+3(y-1)=2Q2y+6) f 8(2k-6)=53k-7)

c. 5(1-2x)-3(4+4x)=0 g.5(2a +1) +3 (3a—4) = 4(3a—6)
d 3-2(2x+1)=x+17

Challenge problems

3.

Solve the equation 8x + 10 -2x = 12 +6x -2.

4. solve the equation -16( 2x - 8)- (18x — 6) = -12 + 2(6x — 6).
5.
6. Solve for x in each of the following equations:

Solve the equation (8x — 4) (6x + 4) = (4x +3) (12x —1).

a. m(x+n)=n
b. x(a+b)=Db(c-x)
c. mx=n(m + Xx)

3.1.2 Solution of Linear Equations Involving Fractions

Group work 3.2
Discuss with your friends/partners.
1. Work out
2 3 9 5 3 5
a. ;+ﬁ C2E+1§ e11+2ﬁ
3 5 7 2 7
b.§+§+§ d'3§+2E
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2. Work out.
21 1 7 2 1 1 4 2
aT—E b4§—1g C. 6;—5; d?;—‘l-g
3. Work out.
2 5 1_7 1 3 5 5
4. Work out
520 7.2 3.2 Sy
a.3579 . b36325 C.45.3 d22 7
5. Inaschool, Te of the students are girls. What fraction of the students
are boys?

6. A box containing tomatoes has a total weight of 5% kg.

The empty box has a weight of 1%kg. what is the weight of the
tomatoes?

7. A machine takes 5% minutes to produce a special type of container.
How long would the machine take to produce 15 container?

From grade 5 and 6 mathematics lesson you have learnt about addition,
subtraction, multiplication and division of fractions. All of these are shown on
the following discussion.

Adding fractions
It is easy to add fractions when the denominators (bottom) are the same:
Easy to add: what about this?
35 39 74 38 37
—_ _——=— —_— _— =?
29 + 29 29 9 + 1
Denominators are the same Denominators are different

Adding fractions with the same denominator

Z+2 = 2*—Add the numerators (top)
20 20 20

Add them over the same denominators, ( bottom)
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Adding fractions with different denominators
E + 3_7 =7
9 11
First find equivalent fractions to these ones which have the same denominator
(bottom):

. . 38 . . 37
Fractions equivalent to " Fractions equivalent to o

37 x9 _| 333
11 X9 | 99

5

418 333 751

Equivalent to " Equivalent to o

38 37 751
sol -1
9 11 99

Note: To add fractions, find equivalent fractions that have the same
denominator or (bottom).

Subtracting fractions

It is easy to subtract fractions when the denominators (bottom) are the same:

Easy to subtract: What about this?
7 _2%6_~19 5_1_,
12 12 12 9 4
Denomintaors are the same Denominators are different.

e llXN (Subtracting fraction with different denominators)
5 1
work out = — -
9 4
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Find equivalent fractions to these ones which have the same
denominator (bottom). An easy way is to change both denominator
to 36 because 9x4 =36 is LCM of the denominators.

e E
36

O | v

20 9 11

36 36 36

. 5
Equivalent to = .
a 9 Equivalent to :
5 1 4
So=—-
9 4

11
36

Note: To subtract fractions, find equivalent fractions that have the same
denominator (bottom).

Multiplying fractions
To multiply two fractions, multiply the numerators together and multiply the
denominators together.

For example, m
50 7 __ 350 <— Multiply the numerators (top)

W <— Multiply the denominators
\/]‘ (bottom)
You can simplify this to % ( by dividing the top and bottom of % by 10).

Therefore, i—gxl _3

10 18
Dividing fractions
To divide fractions, invert or take the reciprocal of the dividing fraction (turn it

upside down) and multiply by the divisor.
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For example
Chang the "+ " L3
21 7
Signinto change the fraction you are dividing by up side down.
a"x" sign This is called inverting the fraction.
171
21773 9

Now let us consider linear equations having fractional coefficients.

S EINN[ERH Solve xTﬂ+x1—_01 =12.
xTH+x1—_01 =12 .....Given equation

The LCM of the denominators is 3 x 10 = 30 since 3 and 10 do not have any
common factors.
Therefore, multiplying both sides by 30.

30(%1 + "1;01) = 30x12

30(X+1) + 30 (Xl;ol) = 30x12........ By the distributive property

3

10(x +1) +3(x-1) =360 ......... Simplifying
10x+10+3x-3 =360......... Removing brackets
13x+7=360 ......... Collecting like terms
13x+7-7=360-7...... Subtracting 7 from both sides
13x =353......... Simplifying
EL G Dividing both sides by 13
13 13

_ 353

13
The solution set is {%}

1 -1
v Check: =1+ X1 - 12
3 10
33, 33,
3 10 =
353+13  353-13 ?
LS 12
39 130 =
366 340 ?
— 4+ — 12
39 130 =
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47580413260 ?12
5070 =
60840 ? 12

5070 =
12 =12 (True)

SCMIEEE Solve — =242
24 8 6

Tl The LCM of the denominators is 24.
7 1 . . .
24(;) =24 (g + g) ....Multiplying both sides by 24.

24(%) =24 ((g) + 24 (&))...Distributive property

7T=3x+4............. Removing brackets
7T-4=3x+4-4.......... Subtracting 4 from both sides
KIS ) Simplifying
Or %x = g .....Dividing both sides by 3
X=>=
3

The solution set is {1}.

Example 7: B X:—l + % + ¥:16.

The LCM of the denominators is 12.

12(*= + 22 +X2) = (12 x 16)...Multiplying both sides by 12.

12(X+1)+12(X+2)+12(X+3) =12x16......Distributive property

2 3 4

6(x + 1) +4(x +2) +3(x + 3) = 12x16....... Simplifying
6X+6+4x+8+3x+9=192.......... Removing brackets
13x + 23 -23 = 192-23...Subtracting 23 from both sides
13x =169 ............. Simplifying
13x 169 P .
TR Dividing both sides by 13

x=13
The solution set is {13}.

?
v Check: 132+1 + 133+2 + 134+3 _ 16

14 15 16 ?
Zz T332 10
7+5+4° 16
16 =16 ( True)
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SENTERH Solve % (x+7) -%(x +1) =4

The LCM of the denominators 3 and 2 is 6.

3i(x +7) -%(x +1)=4..... Given equation
62 (x +7) = 2 (x + 1)]= 6x4 .......Multiply both sides by 6.

GE (x + 7)]- 6[% (x + 1)]: 6x4 ...Distributive property
2(x +7)-3(x + 1) = 24 ...Simplifying
2x + 14 -3x — 3 =24 ...Removing brackets
2Xx—-3x+14-3=24
-x + 11 =24 ....Collecting like terms
-X + 11-11 = 24-11...Subtracting 11 from both sides
X=13 Simplifying

== Dividing both sides by -1.
x=-13

The solution set is {—13}.

v Check: L+ —tx+1) 4

<

S(-13+7)—2(-13+1) 4

~

Z(-6)—5(-12) 4

~ ol

2+6 4
4 =4 (True)

Exercise 3B
1. Solve each of the following equations.

X 2 -3 X -1 X 5x 5x
a. —== d=+-=—=-=2 =+==1
10 3 5 10 5 5 13 26
6n 3n 1 2X 2 X 12
b. =—-==3- e.=—S=+6 h=-x=4
2 2 2 5 3 2 23
X 2 3x 35x
c. —+6=-3= f=+==10
2 7 8
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2. Solve each of the following equations and check your answer in each
case by inserting the solution in original equation.

a Xyz_-1x_ 5 g a¥2x _ 12, 2
6 3 6 3 6X 5x 15
3 1 —4x 5 2x+7  X—-9 5
b, =x—-=——= g. ——==
7 4 7 4 3 2 2
c. Bw+ilsa=62-2w h 22 _x5_ 3
6 4 8
d Z-10=22414
7 7
e 2xX+2 + 3x+6 + 4x+16 =—6
2 3 4
Challenge Problems
3. Solve the following equations.
X72 _67x | x4 X*9 _ X712 _ g2
d. 12—7— 2 + 2 C. " s 6
b, 22— q0x-172 d.078-=h=3h-05
11 7 2 25 5

3.1.3 Solve Word Problems Using Linear Equations

Group work 3.3
1. Two complementary angles are drawn such that one angle is 10°
more than seven times the other angle. Find the measure of each
angle.
2. A certain number of two digits is three times the sum of its digits, and
if 45 be added to it the digits will be reversed; find the number.

Mathematical problems can be expressed in different ways. Common ways of
expressing mathematical problems are verbal or words and formulas or open
statements. In this sub-unit you will learn how to translate verbal problems to
formulas or mathematical expressions so that you can solve it easily. It is
important to translate world problems to open statements because it will be clear
and concise.

Although there is no one definite procedure which will insure success to translate
word problems to open statements to solve it, the following steps will help to
develop the skill.
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Table 3.1 Problem - solving Flow chart for word problems

S1GIo | Read the problem carefully. e Familiarize yourself with the problem.
Identify the unknown, and if possible
estimate the answer.

A
Assign lables to unknown e Identify the unknown quantity or

quantities quantities. Let x represent one of the
unknowns. Draw a picture and write
down relevant formulas.

[
N

tep

A\ 4
Develop a verbal models ¢ Write an equation in words.

wn
-t
D
=)
)

A 4

Write a mathematical equation

wn
-t
D
=)
S

¢ Replace the verbal model with a
mathematical equation using x or
other variable.

\ 4

Solve the equation

e Solve for the variable using steps for
solving linear equations.

wn wn
— —
D D
=] =]
(o)) [8]]

¢ ¢ Once you have obtained a numerical
Interpet the results and write value for the variable, recall what it
ni LT e I e represents in the context of the
v problems.

SICIOl | Check all answers back into
the original statements of
the problems

ENNAERH The sum of a number and negative ten is negative fifteen. Find the

number.
Step 1: Read the problem

Let x represent the unknown number Step 2: Label the unknown
(a number) + (-10) =-15 Step 3: Develop a verbal model
x + (-10) =-15 Step 4: Write the equation
x + (-10) + 10 =-15 +10 Step 5: Solve for x

X=-5 Step 6: Write the final answer in

Therefore, the number is -5. words.
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ENNAERIE (Applications involving sales Tax)
A video game is purchased for a total of Birr 48.15 including

sales tax. If the tax rate is 7%. Find the original price of the video
game before sales tax is added.

Step 1: Read the problem
Let x represent the price of the video game.

0.07x represents the amount of sales tax. ~ Step 2: Label variables

(Orlgnal ) + (sales ) = (total ) Step 3: Write a verbal equation
price tax cost
x +0.07x = Birr 48.15 Step 4: Write a mathematical
equation
1.07x =48 .15 Step 5: Solve for x multiply by

100 to clear decimals
100( 1.07x) = 100(48.15)

107x = 4815
107% _ 285 Step 6: Divide both sides by 107
107 107
— 4815
" 107
X =45 Step 7: Interpret the results and

write the answer in words.
Therefore, the original price was Birr 45.

e NY (Applications involving consecutive integers)
Find three consecutive even numbers which add 792.

Step 1: Read the problem
Let the smallest even number be x. Step 2: label the unknow
Then the other even numbers are (x+2) and (x+4) Step 3: Develop a verbal
model
Because they are consecutive even numbers.
X+(X+2) +(x+4) =792 Step 4: Write the equation
3X+6=792
3x =786
X =262

The three even numbers are 262, 264 and 266. Step 5: Write the final answer in

Word
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v Check
262 + 264 +266 = 792 Step 6: Check
(Applications involving ages)
The sum of the ages of a man and his wife is 96 years. The man is
6 years older than his wife. How old is his wife?

let m = the man’s age and w = the wife’s age.

>m+w=96................ Translated equation (1)
SM=6+W...oooiienn, Translated equation (2)
= 6+w)+w=9......... Substituting equation (2) into 1
=>2W+6=96 ...............Collecting like terms
=>2W=96-6 .......ce.nns Subtracting 6
=2W=90 ..o Collecting like terms
SW=45 ... Divided both sides by 2

Therefore, the age of his wife is 45 years old.

Exercise 3C

Solve each problem by forming an equation.

1. The sum of three consecutive numbers is 276. Find the numbers.

2. The sum of three consecutive odd number is 177. Find the numbers.

3. Find three consecutive even numbers which add 1524.

4. When a number is doubled and then added to 13, the result is 38. Find the
number.

5. Two angles of an isosceles triangle are x and (x+10). Find two possible
values of x.

6. A man is 32 years older than his son. Ten years ago he was three times as
old as his son. Find the present age of each.

Challenge Problems
7. A shop —keeper buys 20kg of sugar at Birr y per kg. He sells 16kgs at
Birr (y + %) per kg and the rest at Birr (y + 1) per kg. what is his profit.

8. A grocer buys x kg of potatoes at Birr 1.50 per kg and y kg of onions at
Birr 2.25 per kg. how much money does he pay in Birr?
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9. If P is the smallest of four consecutive even integers, what is their sum
interms of P?

10. The sum of a certain number and a second number is -42. The first
number minus the second number is 52. Find the numbers.

3.2 Further on Linear Inequalities
Activity 3.2

Discuss with your friends/partners.
1. Can you recall the definition of linear inequality?

2. Discuss the four rules of transformation of linear inequalities using examples
and discuss the result with your teacher.
3. Solve the following linear inequalities.

a. 4x -16< 12, xe W c.20- >x>>x18 X € Q*

b. < x<-4(x5), X € Z* d.05(x-8)<10+>x, X € Q

From grade 6 and 7 mathematics lesson you have learnt about to solve linear
inequalities in one variable based on the given domain.

SET Y (Solving an inequality)

Solve the inequality -3x +8 < 22.

X +8<22.. Given inequalities
-3x+8-8<22-8........ Subtracting 8 from both sides
3x<14 ... Simplifying
__—3:2%...Dividing both sides by -3; reverse the inequality
sign
x> _TH ....... Simplifying

Therefore, the solution set is {x: X 2_714}.

ET RN (Solving an inequality)

Solve the inequality 24x — 3 <4x + 10, x € Q.

24X -3 <4x+10Xe Q ..vevnnnn, Given inequalities
24x -3 +3 < (4x +10)+3 .......... Adding 3 from both sides
24X < 4x+13......................Simplifying
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24X —4X < AX —4x +13......... Subtracting 4x from both sides
20x<13...ciiiininnnn Simplifying
Bx B Dividing both sides by 20
20 20
X < g ............ Simplify

Therefore, the solution set is {x: x < g}

SEWT RN (Solving an inequality)
Solve the inequality 4x -6 > 10, xe N.

4x-6>10............. Given inequalities
(4x-6)+6>10+6......... Adding 6 from both sides
4x>16 ............ Simplifying
‘%" > % .............. Dividing both sides by 4
X>4

The solution of the inequality is x > 4.
Therefore, the solution set is {x:x > 4} = {5,6,7,8,9,... }.

=ET][PEH (Solving an inequality)

Solve the inequality _Tlx + % <2+ gx, x€eZ.

_Tlx + % <2+ %x .......... Given inequalities

12(_71x + i) <12 (2 + 2?") ...... Multiply both sides by 12 to clear
fractions.
12(=x) +12(3) <12(2) + 12 (2x).......Apply the distributive
property
X +2<24+8X .iiinnnnnn, Simplifying
3X—8X+2< 24 +8X-8X ......... Subtracting 8x from both sides
-11x+2<24 ............Collecting like terms
lIX+2-2<24-2 .......... Subtracting 2 from both sides
SlIX <22 o Simplifying
__111196 2_2—121 ............. Dividing both sides by -11. Reverse

the inequality sign.
X>-2
There fore, the solution setis {-2,-1,0,1, 2, 3, ...}.
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SETJERYH (Solving an inequality)

Solve the inequality 3x —2(2x — 7) < 2(3+x) — 4, xeN.

3X—2(2x—7) <2(3 +x)—4...Given inequalities

X—4X+14<6+2x—-4 ......... Removing brackets
X+LA<2X+2 i, Simplifying
X—2X +14 <2X — 2X +2 .......... Subtracting 2x from both sides
Bx+14<2 ... Simplifying.
3x+14-14<2-14............... Subtracting 14 from both sides
XS =12 e, Simplifying
‘_—3;‘ z:—f ieerererer....Dividing both sides by -3. Reverse

the inequality sign
X=>4
The solution of the inequality is x > 4.
Therefore, the solution set is {x: x> 4} ={4,5,6,7,8,9, ... }.
Exercise 3D

1. Solve the following inequalities:

a.%(x+4)2§(x—2) e.%x +7s§x—2

b.>+5< x+4 f.o+ ix>4-2x
4 3 2

C. 8X—5>13-X g. %(2x+3)>0

d. 4x+6>3x+3
2. Solve each of the following linear inequality in the given domain.

a.4-§X>§X—8,X€@ e.5x + 6 < 3x + 20, XeN
1 3y 1_17
b. 4y—6<;(28—2y),yew f.T+g>E,y€Z
C. §x<-8 (Xx-6),xcZ" 0. 6x >16 +2x -4, Xe Z
d. -2 (12-2x) >3x-24,xe Q" h.10x + 12 < 6x + 40, xeN
3. Eight times a number increased by 4 times the number is less than 36. What is
the number?

4. If five times a whole number increased by 3 is less than 13, then find the
solution set.
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Challenge Problems
5. Solve each of the following linear inequalities:
a. 3(x+2)—(2x-7)<(5x-1) -2(x + 6)
b. 6-8(y+3) +by > 5y —(2y -5) +13

c. -2-Y W

4 3
d. -0.703<0.122x -2 .472
e. 3.88-1.335t>5.66

3.3 Cartesian Coordinate System
3.3.1 The Four Quadrants of the Cartesian Coordinate Plane

Group work 3.4

1. Write down the coordinates of all the

6 me———
points marked red in Figure 3.1 5/ \:
. 46
to the right . 3 .
2 {
| |
0123456789
Figure 3.1
2. Write the coordinates of the points
A, B,C, D, E, F, Gand Hshown in sl A
Figures 3.2 to the right. i E}C
574321 173715
- D
HY G 1E
Figure 3.2

3. Name the quadrant in which the point of p(x, y) lines when:
a.x>0,y>0 c.x>0,y<0
b.x <0,y>0 d. x <0,y <0
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For determing the position of a point on a plane you have to draw two mutually
perpendicular number lines. The horizontal line is called the X —axis, while the
vertical line is called the Y-axis. These two axes together set up a plane called
the Cartesian coordinate planes. The point of intersection of these two axis is
called the origin. On a suitably chosen scale, points representing numbers on the
X-axis are called X-coordinates or abscissa, while chose on the y-axis are
called Y-coordinates or ordinat. The x-coordinate to the right of the y-axis are
positive, while those to the left are negative. The y- coordinates above and below
the X-axis are positive and negative respectively. Let XOX"'and YOY" be the
X-axis and the Y-axis respectively and let P be any point in the given plane.
For determing the coordinates of the point P, you draw lines through P parallel to
the coordinate axis, meeting the X-axis in M and the y-axis in N.

Ay
P(a,b)
N
b
= M a |0 > X
AV
y
Figure 3.3

The two axes divide the given plane

into four quadrants. Starting from the

positive direction of the X-axis and 2" quadrant | 1% quadrant
moving the anticlockwise (counter
clockwise) direction, the quadrants
which you come across are called the 3" quadrant | 4" quadrant
first, the second, the third and the

fourth quadrants respectively.

Figure 3.4
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Note: i. In the first quadrant all points have a positive abscissa and a

positive ordinate.

ii. In the second quadrant all points have a negative abscissa and
a positive ordinate.

iii. In the third quadrant all points have a negative abscissa and a
negative ordinate.

iv. In the fourth quadrant all points have a positive abscissa and a
negative ordinate.

EXERCISE 3E

1. Draw a pair of coordinate axes, and plot the point associated with each of
the following ordered pair of numbers.

A(-3, 4) D (0, -3) G (0, 6)
B(4, 6) E (-3,-2) H (2.5, 3)
C(4,-3) F (-5, 6) I (-2,4.5)
2. Based on the given Figure 3.5to {
the right answer the following
questions. 3 P+
a. Write the coordinates of the point A, B, ) i A
P,S,NandT. 51 % 3,
b. Which point has the coordinates (-1, -2)? | D+ 2 M
¢. Which coordinate of the points Q is
zero? Y
d. Which coordinate of the points D and M Figure 3.5
is the same?

e. To which axis is the line DM parallel?

f. To which axis is the line AT parallel?

g. If Fis any point on the line AT, state its
y-coordinate.

h. To which axis is the line PQ parallel?
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Challenge Problems

3. Answer the following:
a. On which axis does the point A(0,6) lie?
b. In which quadrant does the point B(-3, -6) lie?
c. Write the coordinates of the point of intersection of the x-axis and
y- axis.

3.3.2 Coordinates and Straight Lines
Group Work 3.5

1. Write down the equations of the 2y
lines marked (a) to (d) in the given 3
R . a
Figure 3.6 to the right. 2 b
1
3210l zZ3
-2
-3 d
A
Figure 3.6
2. Write down the equations of the y
lines marked (a) to (d) in the given !
: : a b c d
Figure 3.7 to the right. g
3. Draw the graphs of the following _ 11 -
equations on the same coordinate fpef il £ 8
system: -3
a.y=x C.y=4x ¥
b.y=-x d.y=-4x FE S5
4. True or false. If the statement is false, rewrite it to be true.
a. The line x = 30 is horizontal. b. The liney =-24 is horizontal.

5. True or false. If the statement is false, rewrite it to be true.
a. Aline parallel to the y — axis is vertical.
b. A line perpendicular to the x — axis is vertical.
For exercise 6 — 9, identify the equation as representing a vertical line or
a horizontal line.
6.2x +7 =10 7.9=3+4y 8.-3y+2=9 9.7=-2x-5
10. Write an equation representing the x — axis.

11. write an equation representing the y — axis.
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Graph of an equation of the formx=a (a € Q)
The graph of the equation x=a (ac Q, a=0) is a
line parallel to the y-axis and at a distance of a unit from it.

Note: i. If a > 0, then the line lies to the A Ay 4
right of the y-axis. TS ©
ii. If a <0, then the line lies to the left x < x
of the y-axis. (a0 ?0' 0/ 0) >
iii. The graph of the equation x= 0 is
. +—> <4—>
the y-axis. aunit a unT
v v
Figure 3.8
el SEH Draw the graphs of the following straight lines.

a. X=6 b.x=-6
First by drawing tables of values for x, and y in which x-is constant
and following this you plot these points and realize that the points lie
vertical line.

a.[x [6 |6 |6 |6 |6 |6 |6 |6 |6
706 (5 |4 3|21

b 6 6 |6 |6 |6 |6 |-6
y 0 1 |2 |3 |4 |5
J
A

8
7
6

X = -6 5 X=6
4
3
2

1 X

6 5-43-2-140123 45
2
-3
-4
5
-6
\ 3
) \
Figure 3.9
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Graph of an equation of the formy =b (b € Q)
The graph of the equation y=b (be Q, b+0)
is the line parallel to the x-axis and at a
distance of b from it. ©b) y=p

Note: i. If b >0, then the line lies above the <—Q?W£L>X

Ay

e - (0-b) y=-b
ii. If b <0, then the line lies below the
X-axis. v
iii. The graph of the equation y= 0 is Figure 3.10
the x-axis.

= E )RR Draw the graphs of y = 4.

First by drawing tables of values for x, and y in which y is constant
and following this you plot these points and realize that the points
lie horizontal line.

X -4 -3 -2 -1 0 1 2 3 4
4 4 4 4 4 4 4 4 4
y
J
5 =
> 4 y‘:4
3
2
1
54321012345 X
-2
-3
-4
5
\
Figure 3.11

Graph of an equation of the form y = mx (me Q and m #0)

In grade 6 and 7 mathematics lesson we discussed about y = kx, where y is
directly proportional to x, with constant of proportionality k. For example y = 4x
where y is directly proportional to x with constant of poroportionality 4.

Similarly how to draw the graph of y= mx, (me@), look at the following
examples.
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=EN I ERAE Draw the graphs of y = 5x. \
A

_
y=5x

Step i: Choose some values for x, for
example let x=-2,-1,0, 1 and 2.
Step ii: Put these values of x into the
equation y = 5x:
When x=-2: y =5(-2) =-10 -
When x =-1:y =5(-1) =-5 EESRON REEKR]
Whenx=0: y=5(0)=0 i
Whenx=1:y=5(1)=5
When x =2:y=5(2) =10
Step iii: Write these pairs of values in a table.
X -2 10 [1 ]2 |
-10 510 |5 |10

=N WS 010~ 00

S NG

Step iv: Plot the points (-2, -10), (-1, -5), (0, 0) (1, 5) and (2, 10) and join them
to get a straight line. Figure 3.12
Step v: Lable the line y = 5x.

e EP24Y Draw the graphs of y = -5x.

Step i: Choose some values for x, for example let x=-2, -1, 0, 1 and 2.
Step ii: Put these values of x into the equation y= -5x y

When x=-2: y =-5(-2) =10
When x =-1: y=-5(-1) =5
When x =0: y=-5(0)=0
When x=2: y=-5(2) =-10
Step iii: Write these pairs of values in a table.
X -2 |-1]0 |1 |2
y |10 |5 |0 |-5|-10
Step iv: Plot the points (-2, 10), (-1, 5), (0, 0)
(1,-5) and (2, -10) and join them to get Figure 3.13
a straight line.
Step v: Label the line y=-5x

WD ®O

5-4-3-2-1p4 12345

s e

«——Y=5X
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3.3.3. The Slope “m” Of Straight Line
Discuss with your friends.
1. What is a slope?
2. What is the slope of a line parallel to the y-axis?
3. What is the slope of a horizontal line?
4. What is the slope of a line parallel to the x — axis?
5. What is the slope of aline that rises from left to right?
6. What is the slope of a line that falls from left to right?
7. a. Draw a line with a negative slope.
b. Draw a line with a positive slope.
c. Draw a line with an undefined slope.
d. Draw a line with a slope of zero.

From your every day experience, you might be familiar with the idea of slope. In
this sub — topic you learnt how to calculate the slope of a line by dividing the
change in the y — value by change in the x — value, where the y — value is the
vertical height gained or lost and the x — value is the horizontal distance
travelled.

change iny—value
change in x —value y

/1
/
In Figure 3.14 to the right, Axfyz)
consider a line drawn through the i

points P(x1, y1) and Q(Xz, y2).
From P to Q the change in the x
coordinate is (X2 — x1) and the
change in the y coordinate is « X

(Y2 — y1). By definition, the slope /A
of the line AB is given by:

Y2—Y1 X, # X, Figure 3.14

Xo =Xy

Slope =

O
P(X1,Y1)

v

Note: If we denote the slope of a line by the letter “m”.
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Discuss with your friends (partners).
1. In Figure 3.15 below, determine the slope of the roof.

Figure 3.15
2. State the slope of the straight line that contains the points p(1, -1) and
Q(8, 10).
3. Find the slope of a line segment through points (-7, 2) and (8,6).
4. Find the slope of each line.
ay=4 byx=7

Find the slope of the line passing through the point P(-4, 2) and
Q(8i -4)

SSILIE Slope =m= Y2 Y1 _ —4-2 -6 _-1
Xo,=X; 8-(-4) 12 2

Therefore, —% is the coefficient of x in the line equation y = —%x.
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ENNIEPER Find the slope of the line passing through each of the following
pairs of points.

a) P(4, -6) and Q(10, -6) b) P (‘71,_4j and Q(_TlA)

Vi _6-(-6) _-6+6_0_,

a. m= Y2 =
Xy =Xy 10-4 6 6

= Yoo¥i . 44 _ 8 hdefined
Xp=xp -1 (-1} 0
4 | 4

Note: i. The horizontal line has a slope of 0.
ii. The vertical line has no slope (not defined).

b. m

EN ALY Draw the graphs of the following equations on the same

Cartesian coordinate plane.
a. y=zx b.y=-3x C.y=4x d.y=%x

6 :
First to draw the graph of the equation to calculated some ordered

pairs that belongs to each equation shown in the table below.

X -3 -2 -1 0 1 2 3
=T —7 —7 710 7 7 7
6 2 3 6 6 3 2
y =-3X 9 6 3 0 -3 -6 -9
y = 4x -12 -8 -4 0 4 8 12
y= gx 2 __4 __2 0 E i 2
3 3 3 3
y=-3x ‘y y=4x

y:_ X W

Figure 3.16
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From the above graphs, you can generalize that:
i. All orderd pairs, that satisfy each linear equation of the form y = mx
(me Q, m=0) lies on a straight lines that pass through the origin.
ii. The equation of the line y = mx, m is called the slope of the line, and the
graph passes the 1°* and 3" quadrants if m > 0, and the graph passes
through the 2" and 4™ quadrants if m< 0.

EXERCISE 3F
1. Draw the graphs of the following equations on the same coordinate
system:
a. y=-6x b.y =6x c.yzgx d.y:_?sx
2. Draw the graphs of the following equations on the same coordinate

system:
a. y+4x=0 c.x=3 e.2x-y=0
b. 2y=5x d.x+4=0 f,%x-321=
3. Complete the following tables for drawing the graph of y = ?
X 1 6 3
y
(x.Y)

Challenge Problems
4. Point (3, 2) lies on the line ax+2y = 10. Find a .
5. Point (m, 5) lies on the line given by the equation 5x — y = 20. Find m.
6. Draw and complete a table of values for the graphs y=2x -1 and y= x- 2
7. a. Show that the choice of an ordered pair to use as (X1, Y1) does not affect
the slope of the line through (2, 3) and (-3, 5).

b. Show that Y2 —Y1 _Y1=¥2
X2 =X1 X=X
For Exercise 8 — 11 fined the slope of the line that passes through the
two points.

-21 8 -5
8. P(T,gjandQ(??j

9. A (l,gjandB(i,ﬁj
25 45
10. C (0, 24) and D (30, 0)
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11. E(O,E] and F(O,ij
7 26

12. Find the slope between the points
A(@+b,4m-n)and B (a—b, m + 2n)

13. Find the slope between the points
C(3c-d,s+t)and D (c-2d,s-1t)

14. Write the equation of the line which has the given slope “m” and which
passes through the given point.

a. (2,10)andm=-4 b(¢AMMm:§ c. (0,0)and m =

|l w

15. State the slope and y-intercept of the line2x +y + 1 =0.
16. Find the slope and y-intercept of y — y, = m(x — X,) where X, and y, are
constants.
17. Find the slope and y-intercept of each line:
a. X+2)(x+3)=(x-2)(x-3)+y
b. x=mu+hb
18. State the slope and y-intercept of each linear equations.
a. 6(x+y)=3(x-y)
b. 2(x +y) =5(y + 1)
Cc. 5x+10y—-20=0
19. Write the slope-intercept equation of the line that passes through (2,5)
and (-1,3).




Grade 8 Mathematics [LINEAR EQUATION AND INEQULITIES ]

Summary For unit 3
1. You can transform an equation into an equivalent equation that does not
have brackets. To do this it is necessary to remember the following rules.

a.at(btc)=a+b+c c.a(b+c)=ab+ac
b.a-(b+c)=a -b-c d.a(b-c)=ab-ac

2. The following rules are used to transform a given equation to an equivalent
equation.

a. For all rational numbers a, b and c:
Ifa=bthena+c=Db+canda-c=Db-c.thatis, the same number may
be added to both sides and the same number maybe subtracted from both
sides without affecting the equality.

b. For all rational numbers a, b and ¢ where c= 0:

If a =b then ac = bc and % = %- That is both sides may be multiplied by the

same non-zero number and both sides may be divided by the same non-
zero number without affecting the equality.
3. To solve word problems, the following steps will help you to develop the
skill. The steps are:
a. Read the problem carefully, and make certain that you understand the
meanings of all words.
b. Read the problem a second time to get an overview of the situation being
described and to determine the known facts as well as what is to be found.
c. Sketch any figure, diagram or chart (if any) that might be helpful in
analyzing the problem.
d. Choose a variable to represent an unknown quantity in the problem.
e. Form an equation containing the variable which translates the conditions
of the problem.
f. Solve the equation.
g. Check all answer back into the original statements of the problem.
4. The following rules are used to transform a given inequality to an
equivalent inequality.
a. For all rational numbersa ,bandc,ifa<bthena+c<b+cor
a-c <b-c. Thatis, if the same number is added to or subtracted from
both sides of an inequality, the direction of the inequality remains
unchanged.
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b. For all rational numbers a, b and c

i.Ifa<bandc>0, thenac<bc or% < g. That is, if both sides of an

inequality are multiplied or divided by the same positive number, the
direction of the inequality is unchanged.

ii. fa<bandc<0,thenac >bc or% > g. That is, if both sides are
multipled or divided by the same negative number, the direction of the
inequality is reversed.

5. The two axes divide the given plane into four quadrants. Starting from the
positive direction of the X-axis and moving the anticlockwise direction, the

quadrants which you come across are called the first, the second, the third
and the fourth quadrants respectively.

y

) -
ii. quadrant i. quadrant
x<0 x>0
y>0 y>0

- X
iii. quadrant iv. quadrant
x<0 x>0
y<0 y<0

Figure 3.17

6. If x; =X, the slope of the line through the points (X, y1) and (X», y) is the ratio:

Change in y—value
Slope=m = gemy

Change in x—value
_Ya_Yq
T Xao Xq
7. All orderd pairs, that satisfy each linear equation of the form

y = mx (me @, m= 0) lies on a straight lines that pass through the origin.
8. The equation of the line y = mx, m is called the slope of the line, and the graph

passes the 1st and 3rd quadrants if m > 0, and the graph passes through the 2™
and 4™ quadrants if m< 0.
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Miscellaneous Exercise 3

|. Write true for the correct statements and false for the incorrect ones.
1. For any rational numbers a, b and c, then a(b + c) = ab + ac.

2. If any rational number a > 0, ax +b > 0, then the solution set is {x: X 2?}.

3. If any rational number a < 0, ax +b > 0, then the solution set is
frix < 22).

4. The equation of the line y = 4x, 4 is the slope of the line and the graph
passes the 2" and 3" quadrants, since 4 > 0.

5. The equation of the line y= 4x + 6 that pass through the origin of
coordinates.

6. The graphs of the equation y=b (b € Q, b = 0), if b > 0 then the equation of
the line lies above the x-axis.

7. The graph of the equation x=a (a € Q, a= 0), if a < 0 then the equation of
the lines to right of the y-axis.

. Choose the correct answer from the given alternatives
8. In one of the following linear equations does pass through the origin?

a.y:%x+10 c.yzgx

b.y:-3x+§ dy=2x-6

3x+2 2x-5

9. The solution set of the equation . =2Is:
a.{1} b. {~1} c. {3} d {3}
10. The solution set of the equation 2x +3 (5 -3x) =7 (5- 3) is:
a. {5} b. 2 c. {3} d 3}
11. If :—X =2+ i (x #0), then which of the following is the correct value of
X?
a.~ b= c.— d.=
8 10 10 10

12. If x is a natural number, then what is the solution set of the inequality
0.2x-2<0.1x?

a.{x:x<0orx>1} b. ¢ c.{1,2} d. {0,1,2}
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13. Which one of the following equations has no solution in the set of

integers Z ?
a. 6x+4=10 c.9-12x=3
b. 8x +2=4x -6 d.%x—3=3x

14. What is the solution set of the inequality 20 (4x -6) <80 in the set of
positive integers?
a.{1,2,3,4} b.{1, 2} C. ¢ d. {0,1,2,3,4}
15. The sum of the ages of a boy and his sister is 32 years. The boy is 6 years
older than his sister. How old is his sister?
a. 15 b. 19 c.14 d. 13

lIl. Work out problems
16. Solve each of the following linear equation by the rules of
transformation.
a. 4x + 36 =86 — 8x
b. 12x — 8+ 2x -17=3x -4 -8 +74
c. 4(2x-10) =70 + 6x
d. 20-2x =62 (x - 3)
e. 2(6y—18)-102 =78 — 18(y+2)
f.7(x+26+2x) =5(x +7)
17. Sove each of the following equations.

xXt7 X9 _5 p X3 _x5_3 X2  x43_5
3 2 2 "6 4 8 €3 8 6
18. Solve each of the following linear inequalities by the rules of transformation.
a. 6x—2<22 C. 8X — 44 < 12(x -7) e.XE—8>_?X
b. -9<3x+12 d. 8(x -3) >15x -10 f. 6(2+6x) > 10x -12

19. (word problems)
a. The sum of three consecutive odd integers is 129. Find the integers.
b. Two of the angles in a triangle are complementary. The third angle is
twice the measure of one of the complementany angles. What is the
measure of each of the angles?
c. Abebe is 12 years old and his sister Aster is 2 years old. In how many
years will Abebe be exactly twice as old as Aster?

20. Draw the graphs of the equations y = gx andy = - gx on the same coordinate

plane. Name their point of intersection as p. State the coordinate of the
point p.
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21.

22,
23.

24,
25.
26.

27.
28.

100

Find the equation of the line with y-intercept (0,8) and slope %

Find the slope and y-intercept of y = 10x — %

Find the slopes of the lines containing these points.
a) (4,-3)and (6, -4)
11 31
o) (53 ) and (5.3)
11 3 3
9 (55)d (3.3)
Find the slope of the line x = -24.
Find a and b, if the points P(6,0) and Q (3,2) lie on the graph of ax + by = 12.
Points P(3,0) and Q(-3,4) are on the line ax + by = 6. Find the values of
aand b.
Point (a,a) lies on the graph of the equation 3y = 2x — 4. Find the value of a.

Find anequation of the line containing (3,-4) and having slope -2. If this line
contains the points (a,8) and (5,b), find a and b.




UNIT

a SIMILAR FIGURES

Unit outcomes
After Completing this unit, you should be able to:
> know the concept of similar figures and related
terminologies.
» understand the condition for triangles to be similar.
> apply tests to check whether two given triangles are

similar or not.

Introduction

You may see the map of Ethiopia either in smaller or larger size, but have you
asked yourself about the difference and likness of these maps? In geometery this
concept is described by “similarity of plane figures” and you learn this concept
here in this unit. You begin this by studying similarity of triangles and how to
compare their areas and perimeters.
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4.1 Similar Plane Figures
Activity 4.1
Discuss with your teacher
1. Which of the following maps are similar?

xy

(@) (b) (c) (d)
Figure 4.1
2. Which of the following pictures or polygons are similar?

(@) (b) (©) (d)
Figure 4.2

3. Which of the following polygons are similar?

D 8cm C u 8cm T
P 2cm Q

6¢C 6cm IS g
Polygon | 8| Polygonll [& | poygonill |2em

B
A" gem R S S R
8cm 2cm
Figure 4.3

Similar geometric Figures are figures which have exactly the same shape. See
Figure 4.4, each pair of figures are similar.
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[ 1 L]

Small
Larger rectangle Rectangle

Larger small

triangle

| = triangle

1 [

(@ - b)
Figure. 4.4 Geometric Figures

Therefore, geometric figures having the same shape, equal corresponding angles
and corresponding sides are proportional are called similar figures.

4.1.1 lllustration and Definition of Similar Figures

Group Work 4.1

1. A square and a rectangle have corresponding angles congruent.

D E c F . 0
m| ] ] L
W, W W W
A 1 ] B |"|'|_I x [_ i

W
Figure. 4.5

Are they similar? Why?

2. A square and arhombus have the corresponding sides proportional.

X
D C
| L
X X
A_I [] B
X
Are they similar? Why? Figure. 4.6
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3. Which members of these families of shape are similar:
a) squares d) circles g) regular hexagons
b) rectangles e) equilateral triangles h) trapeziums
c) Parallelograms f) isosceles triangles
4. Which members of these families of solid shape are similar:
a) cubes c) spheres e) pyramids
b) cuboids d) tetrahedrons f) cones

ENNUEYS Which of the following polygons are similar? Which are not? state
the reason.

| [
Square Rectangle
| ] l_
Figure 4.7 Polygons

I From the given Figure 4.7 above

a. The square and the rectangle are not similar because their corresponding
angles are congruent but their corresponding sides are not proportional.

b. The square and the rhombus are not similar because their corresponding
sides are proportional but their corresponding angles are not congruent.

c. The rectangle and the rhombus are not similar because their
corresponding angles are not congruent and corresponding sides are not
proportional.

xample2 Tell whether each pairs of in Figures 4.8 is similar or not.

[ ]

Figure 4.8 Polygons

(b)
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a. Paris of the quadrilaterals have the same shape and angles but have not
the same size. Therefore, they are not similar.

b. Paris of the quadrilaterals have not the same shape. Therefore, they are
not similar.

Exercise 4A
Which of the following figures are always similar?

a. Any two circles. e. Any two squares.
b. Any two line segments. f. Any two rectangles.
c. Any two quadrilaterals. g. Any two equilateral triangles.

d. Any two isosceles triangles.

4.1.2 Scale Factors and Proportionality
Activity 4.2
Discuss with your friends.

1. Have you observed what they do in the film studio?

2. How do you see films in the cinema house?

3. How are the pictures enlarged on the cinema screen?
4. What is meant by scale factor?

5. What is meant by proportional sides of similar figures?

To discuss Activity 4.2, it is important to study central enlargement (central
stretching). Central enlargement which is either increases or decreases the size
of figures with out affecting their shapes.

Under an enlargement

1. Lines and their images are parallel.

2. Angles remain the same.

3. All lengths are increased or decreased in the same ratio.
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Positive enlargement

In Figure 4.9 triangle A;1B;C; is the image of triangle ABC under enlargement.

O is the centre of enlargement and the lines AA;, CC; and BB; when produced
must all pass through O.

Image

~ \

ffffff “4—— Centre of enlargement
0

Figure 4.9 Positive enlargement

The enlargement in Figure 4.9 is called a positive enlargement, because both

the object and its image are on the same side of the centre of enlargement. Also
the image is further from O than the object.

Note: - AB is parallel to A1B;.
- BC is parallel to B:Cs.
- AC is parallel to A;Cs.
- Angle BAC= angle B; A; Cy.
- Angle ABC = angle A; B1 C:.
- Angle BCA=angle B1C; A:.

@ "In Figure 4.9 above the object and the image are similar why?"
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EIERE Given the rectangle, ABCD and A as the centre of enlargement.
Draw the image AB'C'D' after enlargement of each side of ABCD

twice.
B'; B’ Cl
| (o4
|
| //
L
B B L% B c
A Y DA ’
D b 5 D
Figure. 4.10

Point A is the centre of enlargement and is fixed. A" is at A. Since each sides of
A'B'C'D' enlarged twice of each side of ABCD,

:2 - :g. - :-(é- - 52- =% or AB'=2AB, AD'=2AD A'C'=2AC and,
D'C' = 2DC. The number 2 in this equation is called the constant of
proportionality or scale factor.

@"Can you define a scale factor based on example 3 above?"

SENNAERY The vertices of triangle ABC have co-ordinates A(2,1), B(4,1) and
C(3,4). Find the co-ordinates of triangle A;B;C; after an
enlargement, scale factor 2, with centre at O.
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%

R N W b U1 OO N

o

Figure. 4.11

In Figure 4.11 you can see the object, triangle ABC and its image under
enlargement, triangle A;B1C; with co-ordinates: A; (4,2), B1 (8,2) C; (6,8).

ENNAERN Give the shape PQRS and point O. Draw the image P'Q'R'S" after
enlargement of each side of PQRS twice.

Qe

Figure 4.12

SO Join Oto P, Q, R and S. Since each sides of P' Q' R' S' enlarged
twice of each side of PQRS.
OP _0Q _OR _0OS 1
OP' 0Q' OR 0S 2
OP'=20P, 0Q'=20Q, OR'=20R and 0S'=20S
Hence, the number 2 is called the constant of proportionality or scale factor.
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@ Can you define a central enlargement (central stretching) in your own
word?

Step i: Mark any point O. This point O is called center of the central
enlargement.
Step ii: Fix a number K. This number K is the constant of proportionality.
Step iii: Determine the image of each point A such as A' such that A'O=KAO.
Step iv: The image of point O is itself.
According to the definition 4.3 when you find the image of a plane figure,
I. If K> 1, the image figure is larger than the object figure.
ii. If 0 <K <1, the image figure is smaller than the object figure.
iii. If K=1, the image figure is congruent to the object figure.

= EINENE Enlarge triangle PQR by scale factor 3 and O is the centre of
enlargement as shown below.

s

Figure 4.13

Copy triangle PQR and the point O inside the
triangle.
Step i: Make point P', R"and Q' on

OP,0Q and OR such that

P'O =3P0O, Q'O =3Q0 and /Pr | Q\
R'O = 3RO see Figure 4.14 to the Figure 4.14
right.

109



Grade 8 Mathematics

[SIMILAR FIGURES]

Stepii: Join the points P',Q’, R" with
line segment to obtain AP'Q'R’
(which is the required Figure).

Exercise 4B

1. Draw the image of the shape KLMN
after an enlargement by scale factor

1with center O. Label the image

K'L'M'N'.

2. Work out the scale factor of the
enlargement that takes in Figure
4.16, triangle ABC on the
triangle LMN.

3. Copy the Figure 4.17 below.
With O as centre, draw the
image of the shaded shape after
enlargement by:

a. scale factor %

b. scale factor %
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Figure 4.15
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v
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y
2
V
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7
2
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Figure 4.16
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Grade 8 Mathematics [SIMILAR FIGURES]

4.2 Similar Triangles

4.2.1 Introduction to Similar Triangles

Group Work 4.2
1. Consider Figure 4.18 below:

D M
40 20 « 12
/)54° 629\ 54° 62°
E F L
Yy X 24

Figure 4.18
a. Are ADEF similar to AMNL? Why?

b. If ADEF similar to AMNL then find the value of X and Y.

2. Consider Figure 4.19 below:

P
{ \ m
B 10a ¢ Q 6a R

Figure 4.19

a. AABC is similar to APQR. Explain the reason.
b. AABC is not similar to APRQ. Explain the reason.

3. AXYZ is given such that ADEF similar AXYZ. Find XY and YZ when the scale
factor from AXYZ to ADEF is 6 and DE=7, EF=12 and XZ=36.

You have define similar polygon in section 4.1.1. You also know that any
polygon could be dived into triangles by drawing the diagonals of the polygon.

Thus the definition you gave for similar polygons could be used to define similar
triangles.
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Note: From definition (4.4) of similar triangles it is obvious that similarity
a transitive relation. That is: If AABC~ ADEF and ADEF ~AXYZ, then
AABC~AXYZ.

=ENIENH Let AABC~ADEF. As shown in Figure 4.21 below. Find
a. m(<LF) b. m(£LE) c. the length of BC.
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C/

100‘\
a

/
A| < 16 » 1B
Figure 4.21

T Given AABC ~ ADEF ... By definition 4.4

a. ZA=/D ifand only if m (£ZA) =m («£D) = 30°
/B=/E .. Marked angels
Therefore, Z/C = Z Fifand only if m(£C) = m (£F) = 100°
Therefore, m (£F) = 100°
b. m(£A) + m(£B) + m (£C) = 180° ...Angle sum theorem
30° + m (£B) +100°= 180° ............. Substitution
m (£B) = 180°- 130° = 50°
Therefore, m (£E) = 50°.
c. Given A ABC~ADEF
AB BC AC

implies DE-EE DR Definition 4.4
g :% .......................... Using the 1% and 2" proportions
128 =80 ...coevvieirne Cross multiplication
a= % ......................... Dividing both sides by 12

Therefore, the length of BC= % unit.
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= EN RN In Figure 4.22 below, show that AABC and ALMN are similar.

L A
55°
2cm 4cm
75°
M 3cm N ® 7.5cm ¢

Figure 4.22

Pl You begin by finding the unknown angels in the triangles. You
know the size of two angles in each triangle and you also know that
the sum of the angles of a triangle is 180°. Therefore, it is easy to
calculate the size of the unknown angles.

In AABC, m(£ZABC)+m(£BCA)+m(£CAB)=180°.... Why?

= 75°+50%+m(LCAB)=180" .........cccevrrrennnn. Substitution

= m(£CAB)=180°-125°

= m(£CAB)=55°
In ALMN, m(ZLMN)+m(ZMNL)+m(ZNLM)=180°....Why?

= 75%+m(ZMNL)+55°=180° ..........ccoevnene.. Substitution

= m(£MNL)=180°-130°

= m (£MNL) =50°
The corresponding angles are equal, to show the corresponding
sides are in the same ratio. Let us check whether the corresponding
sides are proportional or not. In short let us check.
AABC~ALMN

AB _BC _AC_« (constant of proportionality)
LM MN LN
Scm  7.5cm - 10cm
2cm  3cm 4cm

2.5
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The corresponding sides are proportional with constant of proportionality
equals 2.5. Therefore AABC~ALMN....By definition 4.4.

e In Figure 4.23, AABC~AXYC.
If CX=6, CY=5, AX= 3 and

AB= 8§, find XY.

Figure 4.23
By definition of similar triangles, we have:
AB BC AC o
— =——=——=K (constant proportionalit
XY YC XC ( prop Y)
Thus AB_AC .. Using the 1% and 3" proportions
XY XC
8 _AXHXC Gince AX+XC=3+6=9
XY C
8.9
XY 6
= OXY =48 i Cross multiplication
— XY = ‘;_8 .............................. Dividing both sides by 9.

eI If AABC=ADEF, then

a. Is AABC~ADEF?
b. Justify your answer.

a. Yes
b. Suppose AABC = ADEF are as shown in Figure 4.24 below:
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D
F

A C
Figure 4.24
Then i. ZABC=«£DEF
/BCA=Z/EFD and
/CAB=/FDE
Hence corresponding angles are congruent.
ii. AB=DE, BC=EF and AC =DF implies
AB=DE, BC=EF, and AC=DF. Thus
AB_BC_AC_,
DE EF DF
Hence the corresponding sides are proportional. Since (from (i) and (ii))the
corresponding sides are proportional with constant of proportionality 1, and
also the corresponding angles are congruent, then the triangles are similar by
definition 4.4. From example 10 above you can make the following
generalization.

Note: Congruence is a similarity where the constant of proportionality is 1.
This general fact is equivalent of the statement given below. If two
triangles are congruent, then they are similar.

Exercise 4C

1. If AABC~ AB'A'C', what are the pairs of corresponding angles and the pairs
of corresponding sides?

2. If AABC~AA'B'C' and AC=20cm, A'C'=15cm, B'C'=12cm and A'B'=9cm,
find the lengths of the other sides of AABC.
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3.

Challenge Problems
9. Write down a pair of similar triangles

The sides of a triangle are 4cm, 6¢cm, and a cm respectively. The corres-
ponding sides of a triangle similar to the first triangle are b cm, 12 cm and
8 cm respectively. What are the lengths a and b?

Are two similar triangles necessarily congruent? Why?

What is the length of the image of a 20cm long segment after central

stretching with a scale factor % ?

If ADEF~AKLM such that DE =(2x + 2)cm, DF = (5x — 7)cm, KL = 2cm,
KM = 3cm and EF= 10cm, then find LM.
In Figure 4.25 if AXYZ~AWYP,

express d in terms of a, b and c. 3
d
X b W C Y
Figure 4.25
In Figure 4.26 below, ifAABC~AXBZ with XB=6cm, BZ=5cm, CX=8cm
and AC=7cm. /g
What is the length of / \\\8 cm
B X7 / \
/ a \6cm
z/, x'/ \\
A Z ~B
Figure. 4.26

in Figure 4.27 to the right. Find CD 15
and AC, if AE is parallel to BD.

EF7D304'|
Figure. 4.27
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4.2.2 Tests for Similarity of Triangles (SSS, SAS and AA)

1. Can you apply AA, SAS and SSS similarity theorems to decide whether a given
triangles are similar or not?

2. Which of the following is (are) always correct?
a. Congruent by SAS means similar by SAS.
b. Similar by SAS means congruent by SAS.
c. Congruent by SSS means similar by SSS.
d. Similar by SSS means congruent by SSS.

@ "But to decide whether two triangles are similar or not, it is necessary to
know all the six facts stated in the definition 4.4?"

Toprovesimilarity oftriangles, using the definition of similarity means checking all
the six conditions required by the definition. This is long and tiresome. Hence we
want to have the minimum requirements which will guarantee us that the triangle
are similar, i.e all the six conditions are satisfied. These short cut techniques are
given as similarity theorems.

In this section you will see similarity theorems as you did see in grade 6
mathematics lessons congruence theorems for congruency of triangles.

Theorem 4.1: (AA-Similarity theorem)

If two angles of one triangle are congruent to the corresponding

two angles of another triangle, then the two triangles are similar.

=EN NN In Figure 4.28 below

/R=,/V and show that ARSW~AVSB.
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Proof:
Statements Reasons
1. LR=LV 1. Degree measures are equal
2. ZRSW=/VSB 2. Vertical opposite angles
3. ARSW~AVSB 3. AA similarity theorem

EJEEPE In AABC and AXYZ if ZABC = £XYZ, Z/ACBz= £XZY,
AB=8cm, AC=10cm and XY=4cm as shown in Figure 4.29
below find the length of Xz.

/NN

Figure 4.29

M since /B = Y and ZC = /Z, we can say that
AABC ~ AXYZ by AA similarity theorem. Then,

AB _AC Definition of similar triangle.
XY Xz
Thus: 820 Substitution
4 Xz
8XZ=4x10 ..ccccverrrnnnn. Cross multiplication
XZ= % =5cm

Theorem 4.2: (SAS-Similarity theorem)
If two sides of one triangle are proportional to the corresponding
two sides of another triangle and their included angles are also

congruent, then the two triangles are similar.

o
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e EREY In Figure 4.30 below, find DE.

Figure 4.30
Solution:
1. ZABC=ZEBD 1. Vertical opposite angles
2 AB _ 12 _ 2 and BC _ 16 _ 2 2. The ratio of the lengths of the
EB 18 3 BD 24 3 corresponding sides are equal
3. AABC~AEBD 3. SAS similarity theorem
A CA 2 4. Corresponding sides of similar triangles
" DE 3 are proportional.
10 2 5. Substitution
> D3
. 2DE=30 6. Cross-product property
7. DE=15cm 7. solve for DE

In Figure 4.31 below AABC and ADEF, are given where,
m(£A) = m(«D) = 55°, AB = 30 cm, AC = 100cm,
DE = 15cm and DF = 50cm.

a. Are the two triangles similar?

b. Justify your answer.

30cm 15 cm

A 100 cm t D 50 cm
Figure 4.31
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Solution:
a. Yes

Suppose AABC and ADEF are as shown in Figure 4.31 then,
AB _ 30cm _ 5

DE 15cm
AC _100cm _ ,
DF 50cm
AB_AC_2
DE DF

Hence two sides of AABC are proportional to two corresponding sides of ADEF.
Furthermore, m(£A) = m(£D) = 55°, which shows that m(£A) = m(«D). Thus
the included angles between the proportional sides of AABC and ADEF are
congruent. Therefore AABC~ADEF by SAS similarity theorem.

Theorem 4.3: (SSS-Similarity theorem)
If the three sides of one triangle are in proportion to the three sides

of another triangle, then the two triangles are similar.

SENNAEREY Based on the given Figure 4.32 below decide whether the two
triangles are similar or not. Write the correspondence.

8c 10 cm 16 cm 20 cm
A 14 om B : 28 cm D
Figure 4.32
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AC _8m _1
FE 1leécm 2 e _ _ .
CB_10cm _1 \ While f'm:]lng prcIJIportlo.nra:l ;ldes d(l)lntforgethto
ED 20cm 2 comparej[ e smallest WIF the smallest and the
AB l4cm 1 largest with the largest sides.
FD 28cm 2
Hence AC_CB %=10r the sides are proportional.

FE ED DF 2
Therefore AABC~AFDE ..., By SSS Sim”arity theorem.

From this you can conclude that: Z/A=/F, /B=/D and £ C=/E.

Exercise 4D

4.

1. If AABC~AXYZ and AC=10cm, AB=8cm and XY=4cm, find the length of

XZ.
2. Prove that any two equilateral triangles are similar.

3. In Figure 4.33 below determine the length x of the unknown side of
AABC, if AABC~ADEF.

A 2

Figure 4.33 10cm
In Figure 4.34 below C
/CAB=/CDE,
AC=4cm, DC=5cm and 4cm 5cm
DE=7cm. Determine the
length of sides AB of A B D e E
AABC. Figure 4.34
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b. How long is DE?
6. For any triangles ABC, if ZA=/B, then A
show that AABC~ABAC. Figure 4.35

5. In Figure 4.35 of AABC, AC = 20cm, <
AB = 16cm, BC = 24cm.If D is a point
on AC with CD = 15cm and, E is a
point on BC with CE = 18cm, then:
a. Show that ADEC~AABC. /D E\

B

7. Show that the corresponding altitudes of similar triangles ABC and PQR
have the same ratio as two corresponding sides (See Figure 4.36).

/QN
C i S R

Figure 4.36

B

B
A D

Challenge Problems

¢
8. For the plane Figure 4.37 below
BEand AD are altitude of AABC. " D
prove that
a. AADC~ABEC F
b. AAFE~ABFD
A B

Figure 4.37

9. InFigure 4.38 to the right E is

any point on AB and G is any D G C
point on DC. If AB// DC,
prove that:
a. ADGF~ABEF. b. E = %
EB FB
AL 5

Figure. 4.38
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10. In Figure 4.39 to the right determine the
length AB of AABC.

Figure 4.39

4.2.3 Perimeter and Area of Similar Triangles

Group work 4.3
1. Find the ratio of the areas of two
similar triangles:

a. if the ratio of their corresponding sides is %
b. if the ratio of their perimeters is %. I 1
2. For the given Figure 4.40 below, find gom |
a.the area . J 3
b. the perimeter. oo [pm— :
Figure 4.40

In lower grades you have seen how to find the perimeter and area of some
special plane figures such as triangles, rectangles, squares, parallelograms
and trapeziums. In the proceeding section of this unit you have been dealing
with the areas and perimeters of similar plane figures. The perimeters and areas
of similar plane figures have very interesting relations to their corresponding
sides. You can compare the ratios of perimeters or that of the areas of similar
polygons with out actually calculating the exact values of the perimeters or the
areas. Look at the following example to help you clearly see these relations.
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SEWTEET In Figure 4.41 below if AABC ~ AXYZ with = 5 =<,

Determine the relationship between:
a. The altitudes of the two triangles

b. The perimeters of the two triangles.
c. The areas of the triangles.

C 7
a Y,
b hy h,
A
| D I?I Xu W YI
I c I N z I
Figure. 4.41

AABC ~ AXYZ. let the constant of proportionality between their corresponding
sides be K, i.e.

& _k implies a = kx

X

b_ k implies b=ky
y

gz k implies c=kz
%: k implies hy=kh,

2
a. Let cDbe the altitude of AABC from vertex C on AB and zZW be the

altitude of AXYZ from vertex Z on XY
Then ZCDB = ZZWY .... Both are right angles.

Bz /Y ... Corresponding angles or similar triangles.
Therefore, ACDB ~ AZWY ... By AA similarity theorem.
Thus <2 _CB . Definition of similar triangles.
ZW  ZY

oz Substitution

h, x
:>:—1: Koo Since %: k proportional sides

2

2_1: k implies h; = kh,

2
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b. P(AABC)=atb+c
=kx+ky+kz

=k(x+y+2z)
and p(Axyz) = x+y+z
P(AABC) K(x+y+2z) K
P(AXYZ)  Xx+y+z

Hence the ratio of the perimeters of the two similar triangles is “k” which is
equal to the ratio of the lengths of any pair of corresponding sides.

then

C. a(AABC):% c.h;
1
= E(kzhl)

N

(kz.khy)

and a(Axyz)= %zhz

1
o AAABC) _ > kakh; e
a(AXyz) 1
22

Hence the ratio of the areas of the two similar triangles is k?, the square of
the ratio of the lengths of any pair of corresponding sides. The above
examples will lead us to the following two important generalization which
could be stated as theorems.

Theorem 4.4: If the ratios of the corresponding sides of two

similar polygons is k, then the ratio of their

perimeters is given by Pi_ S

= :k'
P2 SZ
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Theorem 4.5: If the ratios of the corresponding sides of two

similar polygons is 2—1 = k, then the ratio of
2

their areas, is given by: %:[Slj =k%.

2 SZ

S ENN YA Find the ratio of the areas of two similar triangles,
a. If the ratio of the corresponding sides is E.

b. If the ratio of their perimeters is E.

Let A1, A, be areas of two similar triangles, Py, P, be the perimeters of the
two triangles and S, S, be their corresponding sides.

a. i = i .......................... Theorem 4.5
A2 SZ

i = (ﬁj ........................... Substitution
A, 4

b. A LﬂJ ................................... Theorem 4.4 and 4.5
A, 5
ﬁ = L Substitution
A, 9

Therefore, ﬁ 100

A, 81°
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NI The areas of two similar polygons are 80cm? and 5¢cm?. If a side
of the smaller polygon is 2cm, find the corresponding sides of the
larger polygons.

Let A; and A, be areas of the two polygons and S;, S, be their
corresponding sides, then

S_ = i .................................................. Theorem 4.5
S1 AZ
2
i = @ ................................................... Substitution
S, 5
S._#8
22 5
2
5116
4
5, =64
S, xS, =8x8
S,=8cm

Therefore, the corresponding sides of the larger polygon is 8cm.

SENERNEY The sum of the perimeters of two similar polygon is 18cm. The
ratios of the corresponding sides is 4:5. Find the perimeter of
each polygon.

Let S; and S, be the lengths of the corresponding sides of the polygon and
P, and P, be their perimeters.

P1+P,=18
P1=18-P5 weeeei Solve for P,
Thus PriS Theorem 4.4
P2 SZ

B8=Ps 4 Substitution

P, 5
4P=90-5P7 ....ccevverennn, Cross multiplication
9P,=90
Po=10 i Divides both sides by 9.
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Therefore, when P»,=10

P1+P,=18
P,+10=18
P1:8

Exercise 4E

1.

In two similar triangles, find the ratio of:

a. corresponding sides, if the areas are 50cm? and 98cm?.

b. the perimeter, if the areas are 50cm? and 16cm?.

Two triangles are similar. The length of a side of one of the triangles is
6 times that of the corresponding sides of the other. Find the ratios of the
perimeters and the area of the triangles.

The sides of a polygon have lengths 5, 7, 8, 11 and 19 cm. The perimeter
of a similar polygon is 75cm. Find the lengths of the sides of larger
polygon.

A side of a regular six — sided polygon is 8cm long. The perimeter of a
similar polygon is 60cm. What is the length of a side of the larger
polygon?

The ratio of the sides of two similar polygon is 3:2. The area of the
smaller polygon is 24cm?. What is the area of the larger polygon?

Two trapeziums are similar. The area of one of the trapeziums is 4 times
that of the other. Determine the ratios of the perimeters and the corres-
ponding side lengths of the trapeziums.

Two triangles are similar. The length of a side of one of the triangles is 4
times that of the corresponding side of the other. Determine the ratios of
the perimeters and the areas of the polygon.

Challenge Problems

8.

Two pentagons are similar. The area of one of the pentagons is 9 times
that of the other. Determine the ratios of the lengths of the corresponding
sides and the perimeters of the pentagons.
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9. Two triangles are similar. The length of a side of one of the triangles
2 times that of corresponding sides of the other. The area of the smaller
triangle is 25sg.cm. Find the area of the larger triangle.

10. The lengths of the sides of a quadrilateral are 5cm, 6cm, 8cm and 11cm.
The perimeter of a similar quadrilateral is 20cm. Find the lengths of the
sides of the second quadrilateral.

11. The picture represents a man made pool surrounded by a park. The two
quadrilateral are similar and the area of the pool is 1600 sq.cm. What is
the area of the park of A'B' is four times the length of AB?

A B’
A Park B
Pool
C
D’ c
Figure 4.42
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Summary For Unit 4

1. Similar geometric figures are figures which have the same shape.
2. Two polygons are similar if:

I. their corresponding sides are proportional.
ii. their corresponding angles are congruent.
3. Under an enlargement
a. Lines and their images are parallel.
b. Angles remain the same.
c. All lengths are increased or decreased in the same ratio. .

4. Scale factor- the ratio of corresponding sides usually expressed numerically
so that:

length of line on the enl argement
length of line on the original

5. AABC similar to ADEF if:
I. their corresponding sides are proportional.
ii. their corresponding angles are congruent.
6. AA Similarity theorems
If two angles of one triangle are congruent to the corresponding two angles
of another triangle, then the two triangles are similar.
T P

scale factor =

R S L M

Figure 4.43
In the above Figure 4.43 you have:

o /T =P ifand only if m(<T)=m(P)
e R = ifand only if m(«R=m(~L)
o ATRS~APLM .....ccovvvviiiiiiiien, by AA similarity.
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7. SAS Similarity theorem
If two sides of one triangle are proportional to the corresponding two sides
of another triangle and their included angles are also congruent, then the
two triangles are similar. A

JANAN

Figure 4.44

o /A=/Q if and only if m(.A)=m(~Q)

. AB _AC
"R Qs
Therefore AABC~AQRS ........cccoeiviiiiiennnn. by SAS similarity.

8. SSS Similarity theorem
If the three sides of one triangle are in proportion to the three sides of
another triangle, then the two triangles are S|m|Iar

VANWAN

Figure 4.45

In the above Figure 4.45 you have:

AB_BC _AC
QR RS QS
Therefore, AABC~AQRS ...........ccvneee. SSS Similarity.
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9. In Figure 4.46, If AABC~ADEF with constant of proportionality k, then
a. P(4ABC)=KP(4DEF)
b. a(4ABC)=K?x a(4ADEF)

c. AB = KDE, B £
BC = KEF
AC = KDE
A C D F
Figure 4.46

Miscellaneous Exercise 4
| Write true for the correct statements and false for the incorrect one.
1. AB=CD ifand only if AB=CD.
2. Z/ABCz=/DEF if and only if m(£ABC)=m(«DEF).
3. All rhombuses are similar.
4. All congruent polygons are similar.
5. All Isosceles triangles are similar.
6. Any two equilateral triangles are similar.

Il Choose the correct answer from the given alternatives.

7. In Figure 4.47 given below PQ 1 QT,ST L QT and P, R and S are on the same

line. If APQR~ASTR, then which of the following similarity theorems
supports your answer?

a. SAS Theorem P
b. AA Theorem
c. SSS Theorem T
d. None Q
R
Figure 4.47 S
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AB BC AC

8. Given AABC and ADEF, if =—==—=—=="—=, then which of the following
DE EF DF
postulates or theorem shows that AABC is similar to ADEF?
a. AA similarity theorem. c. SAS similarity postulate.
b. AAA similarity theorem. d. SSS similarity theorem.

9. Which of the following plane figures are not necessarily similar to each other?
a. two equilateral triangles.
b. two isosceles triangles.
c. twocircles.
d. two squares.
10. Which of the following is different in meaning from AADF~ALMN?
a. ADFA~ANML c. AAFD~ALMN
b. AFAD~AMNL d. ADAF~ANLM

11. In Figure 4.48 below MN//YZ. If XN = 10cm, NZ = 5cm and MY = 4cm,
then what is the length of XY ?

a. 9cm z
b. 15cm >cm
c. 12cm N
d. 18 cm 10em
4
X M 4cm Y
Figure 4.48

[l Work out problems
12. Rectangle ABCD is similar to rectangle PQRS. Given that AB=14cm,
BC=8cm and PQ=21 cm, calculate the length of QR.

13. A football field measures 100m by 72m. A school marks a football field
similar in shape to a full size foot ball field but only 30m long. What is its
width?
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14. In Figure 4.49 below ZQRP=/XYZ and show that AQRP~AXYZ.

6cm

3cm R X 4cm
Figure 4.49

15. The sides of a polygon are 3cm,
5cm, 6cm, 8cm and 10cm. The
perimeter of a similar polygons is
48cm. Find the sides of the second
polygon.

16. In Figure 4.50 to the right DC// AB,

prove that A0 _BO
oD OC

D

C
Figure 4.50

7

8cm

Y
A
N\

17. A piece of wood is cut as shown in Figure 4.51 below. The external and

internal edge of the wood are similar quadrilaterals:

| 6m H
D 2cm c
/ / 6m
A c B
F G

Figure 4.51

i.e. ABCD~ FGHI. The lengths of the sides are indicated on the figure. How

long are the internal edges marked as a, b, and C?
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UNIT
CIRCLES

Unit outcomes

After Completing this unit, you should be able to:
> have a better understanding of circles.
> realize the relationship between lines and circles.
> apply basic facts about central and inscribed angles and
angles formed by intersecting chords to compute their

measures.

Introduction

In the previous grades you had learnt about circle and its parts like its center,
radius and diameter. Now in this unit you will learn about the positional
relationship of a circle and lines followed by chords and angles formed inside a
circle and how to compute their degree measures of such angles.

5.1 Further On Circles

Activity 5.1
Discussed with your teacher orally.
Define and show by drawing the following key terms:

a. circles c. diameter e. circumference of a circle
b. radius d. chord
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