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INTRODUCTION

Much of the mathematics we are using today was developed as a result of modelling
real world situations such as meteorology in the study of weather patterns, astronomy in
the study of patterns of the movements of stars and galaxies and number sequences as
patterns of numbers.

Studying about number sequences is helpful to make predictions in the patterns of
natural events.

For instance, Fibonacci numbers, a series of numbers 1, 1, 2, 3, 5, 8, 13, 21, ... where
each number is the sum of the two preceding numbers, is used in modelling the birth
rates of rabbits.

In some number sequence, it is possible to see that the possibility of the sum of
infinitely many non-zero numbers to be finite.

For example, is it possible to find the following sums?

a 1+2+3+4+5+--+n+-- b 1+l+l+l+l+---+l+---
2 3 45 n
1 1 1 1 1 el
c I+—+—+—+—+t—+-- d I+-1+1+-14+14+-144+(=D"" +--
2 4 8 16 2"

This concept, which may seem paradoxical at first, plays a central role in science and
engineering and has a variety of important applications.

One of the goals of this unit is to examine the theory and applications of infinite sums,
which will be referred to as infinite series. We will develop a method which may help
you to determine whether or not such an infinite series has a finite sum.

OPENING PROBLEM

A farmer has planted certain trees on a piece of land. K

The land is in the form of an isosceles triangular region
with base 100 m and height 50 m. The trees are grown !

up in different rows as shown in Figure 1.1. o

In each row, the distance between any two adjacent

trees is 5 m. The distance between any two consecutive v t

rows is 5 m, too. g i i W 100
Figure 1.1
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a How many rows of trees are there on the piece of land?
b How long is each row?
c How many trees are there in each row?

d What is the total number of trees on the piece of land?

To solve problems like this and many others, a detailed study of sequences and their
sums (called series) is required.

Bl SEQUENCES

IBR] Revision on Sets and Functions

ACTIVITY 1.1

From your previous knowledge of sets and functions, answer the following =

questions, discussing each point with your partner and /or teacher.

1

Define and discuss each of the following terms by producing examples.
a Set b  Finite set ¢ Infinite set
d  Equal and equivalent sets e  Countable set

Define a one-to-one function on the set of natural numbers onto each of the
following sets:

a The set of whole numbers b  The set of integers
c The set of even integers
Show that the sets in 2 a, b and c are equivalent to the set of natural numbers.
Let S be the set of the first 10 prime numbers. Define a function
f:S— N byf(n)=n’- 2.
a  What is the domain of f? b What is the range of f?
c Draw the graph of f.

Consider the Pascal's triangle.

row 1 1

row 2 1 1

row 3 1 2 1

row 4 1 8 8 1

Let f (n) be the sum of the numbers in the n™ row.
Forexample f(1)=1,f2)=1+1=2,f3)=1+2+1=4.
a Evaluate f(10), £ (15) and f (n) .
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b Plot the points with coordinates (n, f(n)) forn=1,2,3,4,5,6 0on a
coordinate plane.

!
6 Let fbe a function defined on N by f(n) = % . Evaluate

a f@) b 76 c fao0)
7 Define g on N by g(n) = the integral factors of n.

Plot the points with coordinates (n, g(n)) forn=1, 2, 3,4, 5, 6 on a coordinate
plane.

IR Number Sequences

The word sequence, used in everyday conversation, usually refers to a list of things
occurring in a specific order. In mathematics, a sequence is viewed as a set of numbers
one comes after another in a given rule.

Recognizing and identifying patterns is a fundamental idea that appears in science and
mathematics. It serves as a fruitful starting point for analysing a wide variety of
problems.

Sequences arise in many different ways. For example, consider the following activities
and try to get the patterns.

ACTIVITY 1.2 (A

1 The monthly rent of a machine, Birr 200, is to be paid at the end //"
of each month. If it is not paid at the end of the month, the & ——
amount due will increase Birr 3 per day.

What will be the amount to be paid after a delay of
a  3days? b 10 days? c  ndays?
2 What do you understand about a sequence?
3  Consider the function a given by
a(n)=3n-1,
where the domain of a is the set of natural numbers N .
Then a(l)=2,a(2)=5,a3) =8, ...
The function a is an example of a sequence.
Instead of the standard function notation, sequences are usually defined using special
notation. The value a(n) is usually symbolized as a,.
Thus, we have a, =3n—1.
The elements in the range of a, are called the terms of the sequence; a; is the
first term, a, is the second term, and a,, is the n™ te rm, or the general term of
the sequence.
Evaluate: ajo, dis and a»s
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In this section, we give the mathematical definition of a number sequence.

Definition 1.1

A sequence {a, }is a function whose domain is the set of positive integers or a subset
of consecutive positive integers starting with 1.

The functional values: «a,,a,,d,,...,a,,...are called the terms of a sequence, and

a, is called the general term, or the n” term of the sequence.

We usually write a, instead of the function a(n) for the value of the function at the

number n, if n € N.

Nom™aTmronNS

The sequence { a,,a,,a,,... ..} 1s also denoted by { a, } or {a,}"

n’ n=l1

Sequences can be described by;

i listing the terms. i writing the general term.
iii  drawing graphs. iv  using recurrence relations.
Example 1

a By associating each positive integer n, with its reciprocal, —, we obtain a
n
1 .
sequence denoted by < — » which represents the sequence of numbers
n

T L
n

-bl»—*
Lh|»~

L
2’

=N u,)|>—x

The general termis a, = —

n

n-1
b Given the general term a, = (%J , we obtain

1 1 1 .
a, =1, a, =5 a, =7 a, =§ and so on. List up to the 10™ term.
c Given certain terms of a sequence, say 2, 4, 6, 8, ..., which one of the

following is the possible general term?
a,=2n or a, =(n—-1)(n-2)(n—3)(n—4)+ 2nfor n a positive integer.

Both general terms have the same first four terms; but they differ by fifth term.
Try to find the fifth and sixth terms for both general terms.

Example 2 Write a formula for the general term of each of the sequences.

a 1,4,9, 16, 25, 36,49, 64,81,100,... b —— T,
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c 2,0,2,0,2,0,... d 2,7,24,77,... e 1,3,6, 10, ...

Solution To write a formula for the n™ term of a sequence, examine the terms and
look for the pattern. Each of you may come with several formulae; the
following are few of them.

a a=n b a,= [—%) c a=1-(-1)
d a=3"-n e an=%(n+l)

Some sequences are defined by giving a formula for the n” term:

Example 3
a For the sequence {L} the general term is a, = and terms of the
n+lj,_ n+1
1234 n
sequence can be given as —,—,—,—,....,——,...
2345 n+1

n

b  For the sequence {ﬂ} , the general term is a, = and terms of the
n
n=1

n

sequence can be given as —1, l -1 l v =D
273747 n

Graphically, this sequence is described in the figure below.

a,
0.4

0.2

o

..... cp e B o 2 o 25 o B n

0 s & B & B &
¢¢‘

02 ®

0.4

0.6 a =

0.8
43s

Figure 1.2

. (nm)|” . . (nm
c For the sequence {sm (?j} the general term is a, = sin (?j and terms
n=1

B3, S */_,o,...,sin(”—“j,...
3

of the sequence can be given as —,—,O,
2 2 27 2
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v' A sequence that has a last term is called a finite sequence. A sequence that does
not have a last term is called an infinite sequence. The domain of a finite
sequence is {1,2,3,..., n}. The domain of an infinite sequence is N.

For instance, 1, 2, 3, .. ., 10 is a finite sequence and 1, 2, 3, . . . is an infinite sequence.
Some sequences do not have a simple defining formula.
Example 4
a The sequence, {p, }, where p, is the population of Ethiopia as of Meskerem
1 in the year n.
b If we let a, to be the digit in the n"decimal place of the number V2, then

{a,}is a well defined sequence whose first few terms are 4,1,4,2,1,3,5,....

Recursion Formula

A formula that relates the general term a, of a sequence to one or more of the terms that
come before it is called a recursion formula. A sequence that is specified by giving the
first few terms together with a recursion formula is said to be defined recursively.

Example 5 Find the first six terms of the sequence{a, } defined recursively by a, =2

a
and a, =—=+ forn>2.

n

1
Solution 61122, azzﬁZEZL aSZ&:l, a4:&:i:i
2 2 3 3 4 12

1 1
5 > 6
5 5 60 6 6 360
Thus, the first six terms of the sequence {qa,} are 2,1, liLL
312 60 360

v' The values of recursively defined functions are calculated by the repeated
application of the function to its own values.

Example 6 The Fibonacci sequence f, is defined recursively by the conditions
fi=l fi=l f,=foo+fo, forn23.
Solution Each term is the sum of the two preceding terms.

The sequence described by its first few terms is
{1,1,2,3,5,8,13,21,34,55,...}.
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L HISTORICAL NOTE

Leonardo Fibonacci (circa 1170, 1240)

Italian mathematician Leonardo Fibonacci made advances in
number theory and algebra. Fibonacci, also called Leonardo of
Pisa, produced numbers that have many interesting properties
such as the birth rates of rabbits and the spiral growth of leaves
on some trees.

He is especially known for his work on series of numbers, including the Fibonacci
series. Each number in a Fibonacci series is equal to the sum of the two numbers
that came before it. Fibonacci sequence arose when he was trying to solve a
problem of the following kind concerning the breeding of rabbits.

“Suppose that rabbits live forever and that every month each pair produces a new
pair which become productive at the age of two months. If we start with one new
born pair, how many pairs of rabbits will we have in the nth month?”

Verify that the answer to the above question is the Fibonacci sequence discussed in

Example 6 above.

1 List the first five terms of each of the sequences whose general terms are given
below, where 7 is a positive integer.

a a =1-(02)" b o =2t
3n—1
c a, = 3D d a, =cos[ﬂj
n 2
1 2
e a =1 a, = f a,=2"-3n+1
I+a,
g an=(—1)”+1 h an=n_
n!

i pu = the ™ prime number.

j g, = the sum of the first n natural numbers.

k a=-14a,=2 a,,=na+(n+l)a,, n=1

| a=1a, = for n=1.

1+a?’

n
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2 Find a formula for the general term a, of each of the following sequences,
assuming that the pattern of the first few given terms continues.

a {3,6,9,12,15,...} b {2,7,12,17, ...}
c  {0,2,0,2,0,2,...} d (1234
4’9" 16725
e {2,3,5,8,13,21,...} fooL,-11,-1,..}
325
0,1,3,7,15,... h L2 = = .
g | I { 273724 }
i {0.2,0.22,0.222,0.2222,...} j {1, 2,883 % }
2°3°7°5°3 7

4 ARITHMETIC SEQUENCES AND
GEOMETRIC SEQUENCES

IPRl Arithmetic Sequences
OPENING PROBLEM

100 students registered to take an exam were given cards with numbers ranging from 1
to 100. There were four exam rooms: R;, R;, R3 and Ry.

Students with card numbers
a 1,4,7, 10, ... mustbeinRy; b 2,5,8,11,...inRy;
c 3,9,15,...inR3; d 6,12, 18,24, ...1in Ry.
The numbers in each room continue with a constant difference.
1 Find the total number of students in each room.

2 Are there any students assigned to different rooms simultaneously? If so, which
card numbers?

3 Are there students who are not assigned? If so, which card numbers?

ACTIVITY 1.3

1 Find the difference between consecutive terms for each of the
sequences given below.

a 1,3,5,7,9, ... b 10, 15,20,25, ...
c 10, 20, 30, 40, ... d 1, -9, -19, =29, ...

2 Can you see ways of obtaining any terms in such a sequence, given the first term
and the difference between consecutive terms?
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Now, one can observe from the above activity 1.3 that the difference between each pair
of consecutive terms is a constant.

Definition 1.2

An arithmetic sequence (or arithmetic progression) is one in which the difference
between consecutive terms is a constant. This constant is called the common

difference. i.e., {A,}is an arithmetic sequence with common difference d, if and

onlyif A, —A, =d forall n.

From Definition 1.2, we observe that if A,A,,A,,...A ,...is an arithmetic progression,
then, A,—A =A,-A, =A,-A=.=A -A = ..=d.

Equivalently, A, = A, +d, A, =A, +d, A, =A, +d, .., A, =A +d, ..

Hence, A, =A +d, A, =A+2d,A, =A+3d, ..., A, =A +nd, ..

Thus, we have proved the following theorem for the general term A, .

Theorem 1.1

If {A }is an arithmetic progression with the first term A and a common difference

n

d, then the n” term is given by
A =A +(n-1yd.

Example 1 Given an arithmetic sequence with first term 5 and common difference 4,
find the first five terms and the twentieth term.

Solution The first term of the arithmetic sequence is 5; hence A, =5
A=A +d=5+4=9 A=A +2d=5+2x4=13
A, =A+3d=5+3x4=17 A=A +4d =5+4x4=21
Thus, the first five terms are 5, 9, 13, 17, and 21.
To find the twentieth term, we can use the formula A, = A, + (n—1)d
A, =A+19d =5+19x4 =81.

Example 2 Given an arithmetic sequence whose first two terms are —3 and 7, find
the next three terms and the fourteenth term.

Solution Since the first two terms of the sequence are —3 and 7, we have A, =-3
and A, =7 ; because the sequence is arithmetic
d=A,-A=7-(-3)=10
Since A, =A +(n-1)d, A=A +2d=-3+2x10=17
A =A+3d=-3+3x10=27 A, =A +4d =-3+4x10=37
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Therefore, the three terms following -3 and 7 are 17, 27 and 37.
The fourteenth term can be found by using the formula A, = A, + (n—1)d
A, =-3+14-D10=127
Example 3 Show that the sequence {2n—3} is an arithmetic sequence. Describe the

sequence graphically.
Solution  Let A,=2n-3= A, =2(n+1)-3=2n-1

= A, —A, =(2n-1)—(2n-3) =2, a constant for all natural numbers n.
Thus, {2n—3} is an arithmetic sequence.

If we plot the set of points whose coordinates are {(n 2n-3):neN } , we get the

graph of the sequence.
Ay

124

Figure 1.3
Observe that the graph follows the pattern of a linear function.

Example 4 A man bought a motor car for Birr 80,000. If the value of the car
depreciates at the rate of Birr 7000 per year, what is its value at the end
of the 9" year?

Solution The present value of the car is Birr 80,000. The rate at which the value
depreciates yearly is 7,000. Thus, the value at the end of the first year is

Birr 80,000 — Birr 7,000 = Birr 73,000.

The value at the end of the second year is Birr 73,000 — Birr 7,000 = Birr 66,000
and at the end of the third year it is Birr 66,000 — Birr 7,000 = Birr 59,000.

Thus, the values at the end of consecutive years form an arithmetic sequence.
73,000, 66,000, 59,000,...
with A; = 73,000 and d = —7000
=A,=73,000-7,000 (n-1)
=Ay=73,000 — 7,000 x 8
= 17,000
Therefore, the value of the motor car at the end of the 9™ year is Birr 17,000.00.
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ACTIVITY 1.4

If a, ¢, and b; are three consecutive terms of an arithmetic 7N : ol N
sequence, then c is called the arithmetic mean between a and b. B B

a Express ¢ in terms of a and b.

b Find the arithmetic mean between 10 and 15.

If {a, m1, mp, ms, . . ., mk, b} is an arithmetic sequence, then we say that
m, my, ms, .. ., My are k-arithmetic means between a and b.

Insert 5 arithmetic means between 4 and 13.

Determine whether the sequences with the following general terms are arithmetic.

a a,=4n-"7 b a, =4n c a,=5n+3
_T—4n
" 3

d a,=n"-n e a,=5 f a

Consider the sequence 97, 93, 89, 85, ...

a Show that the sequence can be continued arithmetically.

b  Find a formula for the general term. (& Is 60 a term in the sequence?
The n™ term of a sequence is given by 7n - 3.

a Show that the sequence is arithmetic. b Find the 75" term.

c What is the least term of the sequence greater than 5287

Given an arithmetic sequence with A, =12and A; =14, find A;and A, .

Given an arithmetic sequence with A, =8and A; =10, find A and the common
difference d.

Given an arithmetic sequence with A, =5and d = 6, find A and A, .
Given an arithmetic sequence with A, =102andd = —% ,find Ajand A, .

In an arithmetic sequence, if the p™ term is ¢ and the ¢"™ term is p, find the
(p + ¢)™" term.
Find the total number of whole numbers that are less than 1000 and divisible by 7.

If n-arithmetic means are inserted between a and b, express the common
difference in terms of a and b.

A man accepts a position with an initial salary of Birr 18000.00 per year. If it is
known that his salary will increase at the end of every year by Birr 1500.00, what
will be his annual salary at the beginning of the 1" year?
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IIP¥| Geometric Sequences
OPENING PROBLEM

The population of Ethiopia in 2001 EC was approximately 75 million. If the population
is increasing at a rate of 2% each year,

a what will the Ethiopian population be in 2020?

b  what is the doubling period of the population?

ACTIVITY 1.5

1 Find the ratio between consecutive terms in each of the following - o

sequences.
a 2,4,8,16,32, ... b 100,10, 1LL
10 100
c =81, 27, -9, 3, -1, l lllL
3 2 48 32

2 Can you see how to obtain any term in such sequences, given the first term and
the ratio?

From Activity 1.5, you should have seen that the ratio between each consecutive terms is
a constant.

Definition 1.3

A geometric sequence (or geometric progression) is one in which the ratio
between consecutive terms is a non zero constant. This constant is called the

common ratio. i.e., {G, }is a geometric sequence, if and only if

G, =rG,; re R\{0}. The common ratio, r = % foralln.

From the Definition, we observe that if G,,G,,G;....G,,...is a geometric progression, then
G G, G, G, G
Equivalently, G, =rG,, G, =rG,, G, =rG;, ..., G,,, =1rG,, ...

Hence G, =rG,, G, =r’G,,G, =r'G,, ...,G,., =r"G,, ...

Thus, we have proved the following theorem for the general term G, .
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Theorem 1.2

If {G,}is a geometric progression with the first term G, and common ratio r, then the

n" term is given by G, = r""'G,

Example 5 Given the geometric progression 3, 6, 12, 24,..., find the next three terms
and the sixteenth term.

Solution Since we are given a geometric sequence, we first find the common ratio, r,

... 6 . .
which 1s§ =2. Note that we can use any two consecutive terms to find r.

Therefore, the term following 24 is 2 X 24 =48,
the term following 48 is 2 X 48 = 96
and the term following 96 is 2 X 96 = 192.
The sixteenth term is found using the formula
G, =r"'G,
G,=2""%x3=2" x3=98304

Example 6 Find the seventh term of a geometric sequence whose first term is 6 and

whose fourth term isi.
36

Solution First, you need to find the common ratio r, by using the formula
G, =r"'G,

1
G, =r*'G, where G, =6, and G, =%

—=rx6 = r3=L
36 216

This gives you r = %

1’ 1
ThUS, G7 =(gj (6) =m.

th
Example 7 A machine depreciates by (%Oj of its previous value every year. If its

original cost is Birr 100,000.00, find the value of the machine at the end of
the 6™ year.

Solution The value of the machine at the end of the first year

100,000.00
20

= Birr 100,000.00 — Birr = Birr 100,000 (1—%) .
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The value at the end of the second year

= Birr 100,000 1—i — Birr 100,000 1—Lj
20 20 20

2
= Birr 100,000 (1—ij .
20
Similarly, the value at the end of the 3™ year
3
= Birr 100,000 (1—LJ .
20
The values of the machine at the end of every year form a geometric sequence
2 3
100,000 1—i , 100,000 1—L , 100,000 1—L
20 20 20
Thus , the value at the end of the 6™ year

6
= Birr 100,000 (1—2%)} = Birr 73509.18906

ACTIVITY 1.6

If a, c, b are three positive consecutive terms of a geometric
sequence, then c is called the geometric mean between a and b.

a  Find an expression for ¢ in terms of a and b.

b  Find the geometric mean between 4 and 8.

If {a, m, mp, ms, . . ., my, b} is a geometric sequence, then we say that
mi, My, ma, . . ., My are k-geometric means between a and b.

Insert three geometric means between 0.4 and 5.

Decide whether or not each of the following sequences is geometric. For those
that are geometric, determine the n™ term.

a 1,-2,4,-8, ... b 5,55,5,5,...
c -2,0,2,4,... d 9 -3 1,—1,1,...
379
e 0.9,0.99,0.999,0.9999, ... f 2x, 4x%, 8x°, 16x%, .. . x #0.
g 5++/5, 1445, 5+5\/§, 1+5\/§,...

Given the geometric sequence 5, 15, 45,..., find the next three terms and the tenth
term.

15
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3 Find the eighth term of the geometric sequence whose first term is 5 and whose

fourth term is i .
25

4  Find the fifth term of the geometric sequence whose first term is 1 and whose
fourth term is 343.

5 If x, 4x + 3 and 7x + 6 are consecutive terms of a geometric sequence, find the
value(s) of x.

A building company organizes a society to invest money starting from the first day of a month. If
the society invests 1 cent for the first day, 2 cents for the second day, 4 cents for the third day
and so on, with everyday investment being twice that of the previous day, how much will they
invest on the 30t day of the month? Calculate the total amount invested in the entire month.

1 Determine whether the given sequence is arithmetic, geometric or neither.

a 4,7,10,13,... b 2,6,10, 14,20, 26, ... c l§2E .
2 4 14
d 1,4,9,16,... e 2,-4,8,-16,... f %,8, 48,.
g a, =5—2n, where n is a positive integer.
1 . e
h a, =—, where n is a positive integer.
n

. 1 . P
| a,=—, where n is a positive integer.
n

n
n

j a, =—— , where n is a positive integer.

n 7n+2 ’

2 Use the given information about an arithmetic sequence to find the common
difference d and the general term A, .
a A;=3and A5 =23 b A¢=—-8and A1 =53
c As=8and Ag =10

3 Use the given information about a geometric sequence to find the indicated values.

a G,=10 and r=2, find G,. b G, =4 and r=-3, find G,.
c G, =1 and G, =216, find G, and r.

1 1 .
d G, ZE’ G, = —5, find r, Gg and the general term G,,.
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4  For any pair of non-negative integers a and b, show that the arithmetic mean
between a and b is greater than or equal to the geometric mean between them.

Find the first term of the sequence 4, 12, 36, 108, . . . which exceeds 20,000.
Find the first term of the sequence 10, 5, 2.5, 1.25, . . . which is less than 0.0001.

Insert four arithmetic and five geometric means between 2 and 20.

0 N O O

If x, 4, y are in geometric progression and x, 5, y, are in arithmetic progression,
determine the value(s) of x and y.

9 If{g,} is a geometric sequence with g, >0 for all ne N, then prove that {In g, }

is an arithmetic sequence.

[IE] THE SIGMA NOTATION AND PARTIAL SUMS

OPENING PROBLEM

As we know, each of us has parents, grandparents, great grandparents, great - great
grandparents and so on. What is the total number of such relatives you have from your

parents to your tenth grandparents?

In the previous section, you were interested in the individual terms of a sequence. In this
section, you describe the process of adding the terms of a sequence. i.e., given a sequence
{a,}, you are interested in finding the sum of the first n terms called the partial sum,

denoted by S, . Thus if a,,a,,as,,...,a,,... are the terms of the sequence, then you put;

S, =a, S 1s the first term of the sequence.
S, =a,+a,, S 1s the sum of the first two terms of the sequence.
S,=a,+a,+a,, S31s the sum of the first three terms of the sequence.

S,=a,+a,+a,+a,, Siisthe sum of the first four terms of the sequence.

and so on.
Sh=ar+a+az+as+ ... +a, S, is the sum of the first n terms of the sequence.

Example 1 Find the sum of the first
a 5 natural numbers.
Hence, S =1+2+3+4+5=15.
b 10 natural numbers that are multiples of 3.

Hence, S, =3+6+9+12+15+18+21+24+27+30=165.
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Example 2 Given the general term,a, =3n -5, find

a  the sum of the first 6 terms. b  the sum of the first 10 terms.
Solution

a  The first 6 terms of the sequence a, =3n—5are —2,1,4,7, 10 and 13.

Hence, S, =-2+1+4+7+10+13=33.

b  The first 10 terms of the sequence a, =3n—5 are

-2,1,4,7,10, 13, 16, 19, 21 and 24.
Hence, S,, =—2+1+4+7+10+134+16+19+21+24=113

Example 3 Given the general term a, = L , find the sum of the first,

n n+l
a 99 terms b n-terms
Solution
1 1 1 1 1 1 1 1
a S =(1-—)+(=—)+(=—)+..4(——)=1-——=0.99
= 2) (2 3) (3 4) (99 100) 100
b Sn=1—1+l—l+l—...+ I 1,1 1 =1- L _n
2 2 3 3 n-1 n n n+l n+l n+l
1 2 10 99
So thatS, =—,5,=—,S5,, =—, =——,...¢etC.
P27 37 1177 100

v" Such a sequence is said to be telescoping sequence.

When you have a formula for the general term of a sequence, you can express the sum
of the first n-terms of the sequence in a more compact form using a special notation for

sums. The Greek (upper case) letter sigma, Z often called the summation symbol, is

used along with the general term of the sequence.

Nom™aTroNS
n
.Zla,. =aqta,+ta;+..+a,
l:

In this notation, i is called index of the summation or simply the index. 1 is the lower
limit and #» is the upper limit.

Definition 1.4

Let {a,} _, be a sequence, the sum of the first n terms of the sequence, denoted

by S, , is called the partial sum of the sequence.
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Nom™aTmroNS

n
S, =Za,. =a,+a,+a,+..+a,
i=1

Since sigma notation is merely a shorthand way of denoting a sum, we can restate some
of the real number properties using sigma notation.

Properties of >’

n

n n n n
1 ank = cz a, , where c is a constant. 2 Z(ak +b,) = Zak +Zbk
k=1 k=1

k=1 k=1 o

n n n

3 Z (a, —b,)= Zak —Zbk
k=1 k=1 k=1
n m n

4 Zak =Zak + Z a, , where 1<m<n.

k=1 k=1 k=m+1

Example 4 Evaluate each of the following.
10

10 6 10
a D3 b > Gj-4 c DK+
i=1 Jj=3 k=1 k=7
Solution

a 120:31' =3(1)+3(2)+3(3) +3(4) +3(5)+ 3(6) + 3(7) + 3(8) + 3(9) + 3(10)

=3+6+9+12+15+18+21+24+27+30 =165
10
Whereas 3Zi=3(1+2+3+ . +10)=3><55=165

i=1

b i(Sj—4)=5(3)—4+5(4)—4+5(5)—4+5(6)—4+5(7)—4+5(8)—4+5(9)—4+5(10)—4

=

= 11+16+21+26+31+36+41+46 =228
10 10
Whereas 5 j— > 4=5(3+4+5+-+10)—(4+4+--+4)=5x52-4x8 =228
-

— —
J J 8—times

c 1Z()“41<2:4(12)+4(22)+4(32)+-.-+4(102)

=4(1+4+9+...4+100)=4(385)=1540

6 10
Whereas 4> k> +4 k> =4(91)+4(294) =1540

k=1 k=17
Example 5 Given a sequence for whicha, =2n°, evaluate
a S, b Se
Solution
4 4
a  S,= > 2k°=2>k =2(1" +2° +3° +4%) =200
k=1

k=1
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6 6 4 6
b S=)2=2) k=2 kK +2) Kk’ =2’ +2°+3’+4")+2(5’ +6)
k=1

k=1 k=1 k=5

=200+682=882.

1 Use the given sequence or general term to find the indicated sum S, .

a 3,7,11,15, ...;8, b -8, -327.. S

c -2,0,2,4,6, ...; S d 1,2,4,8,16, ...;8, Si» Sa
111 .

e §Z§ S, Sios Sos Sio0 - Can you guess what S, is?

f a, =3n+1, where n is a positive integer; S, S5, Ss9> Si00-

o] a, =2n—-1, where n is a positive integer; S¢, S;0, S Sioo -

n . e o
h a, = log( J, where n is a positive integer; S¢, S;05 Sys Si00-
n+
. n n+1 . e
i a,= = , where n is a positive integer; S, S5, S,0> Si00-
n+l n+2

Can you give a formula for S, ?

2 Rewrite each sum without using sigma notation; then calculate each sum.

6
a Zsln b 24:4(k+2) c  D.5k-1 d 28:3k
n=l1 k=1 k=1 k=1
S

e ikz f ZslkS g D4 h fﬁ
k=2 k=3 k=3

k=1

(2 2 . 1 6
' Z(———j i Zlogs(n,:j k ;10&;2"

m=1 m m+ 1 n=1

3 Use the sigma notation to represent the sum of the first n terms of the given
sequences.

a 4,8,12,..,4k, ... forn=>5. b 2,58, ...,3k1,.. forn=_8.
c 2,8,18,.., 2k, ...forn=17. d 7,911, ..., 2k+5), ... forn =10.

4 Express the given sums using sigma notation.

a 2+6+10+ 14+ 18 b 5+25+ 125 +625
c 1+3+5+7+...+51 d 44+7+10+13+...+52

1 1 1 1 2 4 6 20

+ f —+—+ —

— t—tot ot —+..+
2 2x3 3x4 99x100 5 9 13 41
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KRl Sum of Arithmetic Progressions

The particular structure of an arithmetic progression allowed you to develop a formula
for its general term A, . This same structure allows you to develop formulae for S, , the

sum of the first n terms of an arithmetic progression.
You begin by examining a special arithmetic sequence, 1, 2, 3, 4,...,n,... and its
associated sum S, .

S,= 142+ 3+ ...+ n, the sum of the first n terms (n natural numbers).
For n =100, that is, S0 =1+ 2+ 3+...+ 98+99+100
Write the sum in reverse order S0 =100+99+98+...+ 3+2+1
Adding the two sums together, we get 28, =101+101+101+...+101+101+101
Le., 285,, =100x101.

Therefore, S, = %100(101) =5050.

L HISTORICAL NOTE

Carl Friedrich Gauss (1777-1855)

A teacher of Gauss, at his elementary school, asked him to add all
the integers from 1 to 100. When Gauss returned with the correct |
answer after only a few moments, the teacher could only look at
him in astounded silence. This is what Gauss did:

1+ 2+ 3+ ...+100
100+ 99 + 98 + ...+ 1

101 +101+101+ ...+ 101
100 x 101

=5050

You can generalize this approach and derive a formula for the sum S, , of the first n

natural numbers. You follow the same steps as you just did for S, .

S =1+ 243+.+(n-2)+(n—-1)+n
Write the sum in reverse order: S =n+(n-D+n-2)+..+3+2+1
Add the two sums together: 25, =(n+D+m+D)+..+(n+D+(n+1)

Therefore, you have 2§, =n(n+1)and so, S, :%(n+1).

21
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Thus, you have derived the following formula.

The sum of the first n positive integers is given by,

S,=1+2+3+...+ n=£(n+1).

Example 6 Find the sum of the first

a 30 natural numbers. b 150 natural numbers.

Solution

a  Using formula, S, :g(n +1), S :%(30+1) =15(31) =465

b  Using formula, S, :g(n+1) Siso :%(15%1) =75(151) =11,325.

You can now derive the general formula for the sum S, of the first n terms of an

arithmetic progression.

Thatis, S, =A +A, + A, +...+ A, , where {A,}_is an arithmetic sequence.
But then, A, = A, + (n—1)d , where d is the common difference and so,

S, =A +(A +d)+ (A +2d)+ (A +3d)+...+ (A +(n—-1)d)

By collecting all the A, terms (there are n of them) we get,

S, =nA +[d+2d+3d+...+(n—-1)d]

Now factoring out d from within the brackets,

S, =nA +d[1+2+3+...+(n-1)]

Inside the brackets, you have the sum of the first (n—1) positive integers. Thus by

using the formula, S, :g(n +1), you get

- - -1
S —nA + d(n 1}1: 2nA, +1;(n Dd _ n[24, + 2(n )d]

Hence, you have proved the following theorem.

Theorem 1.3

The sum S, of the first n terms of an arithmetic sequence with first term A, and
common difference d is:

S, =Y A, :%[m1 +(n—=1)d].

k=1

This formula can also be written as

22
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S, =2 (A +(A+(=Dd) =4+ 4)= n[A +A"J

where A, is the n"term. This alternative formula is useful when the first and the
last terms are known.

Example 7 Given the arithmetic sequence: 3, 7, 11, 15, ..., find
a S, b 5,

Solution

a Since the given sequence is an arithmetic sequence with A, =3and
common difference d = 4, you can substitute these values in the formula

S, —ZA = [2A +(n—1)d]

k=1

20
Thus, Sm:ZAk 20

= (20)+20-1)4) =10(6+19(4)) =10(82) =820.

b S, —ZA :—[2A +(n—1)d]

k=1

Sk ZA 80 (2(3)+ (80—1)4) =40(6+79(4)) = 12,880.

Example 8 Find the sum of the first 35 terms of the sequence whose general term
iSA, =5n.

Solution From the general term, we get A, =5and A,; =5(35) =175.

Since we can easily identify the first and the 35" term, we use the formula,
A+A
S =2(A+A)=n 220
2 2

Thus substituting, A, =5, and A, =175, we get
5+175

S35:§(5+175):35( j:35(90):3,150.
Try to find the sum of this sequence using the other formula
S, = Z A, [2A + (n—1)d]. Which formula is easier to use in this example?

Example 9 If the n'" partial sum of an arithmetic sequence {a, } is 3n°, find a,.

Solution Notice that a, = S, — S, _ 1. (Explain)
=a =3n>-3(n-1)" =6n-3.

23
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Example 10 A water reservoir is being filled with water at the rate of 4000 m’/hr for
the first hour, 5000 m*/hr for the second hour, 6,000m’/hr for the third
hour and it increases by 1000 m’/hr at the end of every hour. It is
completely filled in 8 hours. Find the capacity of the reservoir.

Solution Observe the sequence of the volumes of water being filled at the end of
every hour 4,000m’, 5,000m’, 6,000m’, ..., form an arithmetic sequence
with A; = 4,000 and d = 1,000.

The volume of water being filled in 8 hours is
Ss= % (2 % 4,000 + 7 x 1,000) m® = 60,000 m”.

Thus, the capacity of the reservoir is 60,000 m’.

IIE¥| Sum of Geometric Progressions

The particular structure of a geometric progression allowed you to develop a formula
for its general term G, .This same structure allows you to develop formulae for S, , the

sum of the first n terms of a geometric progression, as you did for arithmetic
progressions.

If {G,},_ s a geometric sequence, then its associated geometric sum, S, is
S, =G +G,+G,+..+G,_ +G,

As with the case of the sum of arithmetic sequence, we can find a formula to describe a
geometric sum which is associated with a geometric sequence.

Let {G,}, be a geometric sequence with common ratio r, then G, = r"~'G, for each n.
Thus, S, =G, +G, +G; +...+ G, + G, implies that
S, =G, +1G +r’G +..+r""G +r"'G,
Factoring out G,, you get
S =G, (A+r+r*+.+r"7+r"")
1S, =G (r+r>+r’+..+r"" +r") Multiplying both sides by r
S —1S, =G, (A+r+r’+..+r"7+r""Y=G,(r+r’ +r’ +..+r"" +r") Subtracting
rS, from 'S,

G,(1—r"
(=r)S, =G, (1-r"),and so s, =AUZT) oy

—-r

Thus, you have proved the following theorem:
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Theorem 1.4
Let {G, ]~ be a geometric sequence with common ratio r. Then the sum of the first n

n=1

terms S, is given by,

nG,, if r=1.

, ifr#1.

Sn: o n_
6 0= _ (7 =D
1-r r—1

Example 11 Given the geometric sequence: 1, 3,9, 27, ..., find

a Ss b S
Solution
a From the given sequence G, =1and r = 3, thus using the formula
Ga-r" 11-3") 242
s =G0 e s, 2 ME) 242,
1-r 1-3 -2
1_ n
b By using the same formulaasina, §, = w , we get
—-r

s, = 11-3") _ 59048 29,524
1-3 -2

1 Find the sum S, of the arithmetic sequence whose first term is 4 and the common

difference is 5.

2 Find the sum S, of the arithmetic sequence whose first term is 8 and the common

difference is —1.

3  Find the sumS, of the arithmetic sequence whose fourth term is 2 and whose

seventh term is 17.

4  Find the sumsS;, S;,, S,and S,,, of the geometric sequence whose first term is

4 with common ratio 5.

(What happens to the sum S, as n becomes “larger and larger”?)
5  Find the sumS,, S,,, S,,and S,,, of the geometric sequence whose first term is 4
. .2
with common ratio 5 .
(What happens to the sum §, as n becomes “larger and larger”?)

Given the sum §,, =165o0f an arithmetic sequence and A, =3,find A,,.

7 Given the sum S,, =910 of an arithmetic sequence and A,, =95, find 4, .
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